Unit 4
Numerical Summaries

Objectives:
* To obtain and interpret the mean and median fontifaéive data
* To obtain and interpret the range and the intetdeaange

The three major characteristics of the distribufiar a quantitative variable that are of primarierest
are the center of the distribution, the amountigpersion in the distribution, and the shape ofdis&ibution.
Our study of these three characteristics thusdartdeen mainly through the use of graphical display
However, we shall find it useful and necessarya@ble to describe these characteristics with nigaler
summaries. Aumerical summary is a number used to describe a specific charatitesbout a data set.

What numerical summaries could we use to desthibeenter of a distribution? One natural chasce i
Q: , the second quartile in the five-number summsinge this is a value which divides the orderedyafor the
data in half. Since we think @, as a measure of the center of a distribution, we iy a special name in
statistical terminology; we cal), themedian.

Another possible choice for a numerical summargdscribe the center of a distribution would be the
average of the observations. The average fot aflisumbers is most likely not a new concept ta.yd o
obtain the average of observations of a quantéatariable, we simply add the observations, anildithis
sum by the number of observations. We give thikraetic average a special name in statistical ireslogy;
we call the average theean. The mean is so important and widely used insgtas statistics, that it has been

given its own special symbol; the special symio(read as "x-bar") is used to denote the mean.

Recall how letters are often used in mathematiotdtion to represent numerical values. We shadl f
it convenient to let the lett@rrepresent the number of observations in a datalsedtatistics, we frequently use
subscripted letters to represent a lishofumerical values. In other words, a data setisting of n quantitative
observations can be representeckpyx, , ... , X, . Itis common practice in mathematics to useugyger case
Greek letter sigma to denote summation. To understand Rois used, consider the variable "Number of
Children" in the SURVEY DATA, displayed as Data 3et at the end of Unit 1. Focusing only on tive 10
individuals with an urban residence, we can let

X1=2 % =3 X%=3 ,X%=1,X%=0,X%=2,X5=2 ,X%=4,X%=3 ,Xp=1.

The sum of the;s is denoted aBx; or more simply just a&x (that is, for the sake of brevity, we will often
delete the subscriptwith the sigma notation). You can easily checlt th

X=X +Xo+Xg+Xg+ X5+ Xg + X7+ Xg + X9+ X0=2+3+3+1+0+2+2+4+3+1=21.

The meanx of n guantitative observationg , X, ... , X, is simply the sunzx divided by the number
of observations. Using the summation notation, we can write

Ko 2X
n

Since we found thaix = 21 for the variable "Number of Children" in t8&)RVEY DATA when focusing only
on then = 10 individuals with an urban residence, we aanthat the mean "Number of Children" for these
urban residents is
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;<U = 2—1 = 2.1 children .
1C

The subscriptU" on the;(g indicates that the mean is calculated for urbaitesats.
To find the median,) for urban residents, we need to average the twldimobservations in the
following ordered array for the = 10 individuals:

011222333 4.

We find the median number of children for the urbasa to be (2 + 2)/2 = 2 children.

Now, you find the mean and median number of caiidor each of the other two areas of residence
(rural and suburban) from the SURVEY DATA. You slbfind that the mean and median for the rurahare
are respectively 4.6 and 3.5, and that the meamautian for the suburban area are respectivelg3i03.0.

Since the mean and the median are each measutescednter of a distribution, it is reasonable to
wonder whether or not they will always be close&ch other in value. Compare the mean and theamedi
number of children for each of the three areagsiflence. In the rural area the mean and medjzeaapo be
quite different (4.6 and 3.5), whereas in the sbbnrarea the mean and median are equal to onecai(8th
and 3.0), and in the urban area the mean and mepf@ar to be quite close (2.1 and 2.0). To sed wh
characteristic about a distribution can affect wkebr not the mean and median will be close ine/aleturn to
the figure displaying the dot plots for Self Tesblilem 3-1 in the section tittes)UJRVEY DATA Summaries
for Data Set 1-1 at the end of Unit 2.

Remember that a positively skewed distributioarie where the observations in the upper half of the
distribution show considerably more dispersion tthe@nobservations in the lower half of the disttib, and a
negatively skewed distribution is one where thesolmtions in the lower half of the distribution gho
considerably more dispersion than the observatiotise upper half of the distribution. We see tihat
distribution of "Number of Children" is positivegkewed in the rural area, is symmetric in the Soduarea,
and is slightly negatively skewed in the urban ar€ais suggests to us that the difference betwessn and
median observed for each area might have beereidld by symmetry and skewness in the distributidre
fact that there are a few unusually large obsesmatof "Number of Children" in the rural area exmpdawhy the
mean is so much larger than the median. Sincendan depends on the sum of the observations, it is
influenced by a few unusually large or unusuallaBmbservations.

To illustrate this point further, let us returntbee ordered array for "Number of Children" for amnb
residents:

01122233 34.

Earlier, we found the mean to b, = 2.1 children, and we found the median t&he (2 + 2)/2 = 2 children.
The two middle observations of the ordered arnaymfwhich the median is obtained, are boldfacegpp8se,
however, that one of the 3s in the ordered arrag/neplaced by a 23; that is, suppose there was s
resident in the SURVEY DATA with 23 children. (Gkaerhaps this is a bit far fetched, but just imagt is
true for a minute for the sake of the point wetayng to make.) The ordered array would then $&oHows:

01122233 4 23.

It is easy to see that the median would still beagtp 2 children, but the sum of the observatiwosld now be
41, making the mean 41/10 = 4.1 children. The nveauld actually be larger than every observatioregk
one! This illustrates how the mean can give ussteading impression about the center of a distiopuwhen
there is one unusually large or small observation.

The fact that the mean, not the median, can b&itsento a few unusually large or unusually small,
observations, leads us to two noteworthy factsst Rivith a positively or negatively skewed disttion, the
median is often a more reasonable measure of diaterthe mean. Second, the values of the meamaddhn
together not only give us information about theteeof a distribution, but can also give us sonferimation
about the shape of a distribution. When a distidiouis nearly symmetric, the mean and median lvélclose in
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value; when the mean and median are not closdliire vine distribution will be positively or negatly skewed.
If the mean is smaller than the median, the digtiglm is negatively skewed; if the mean is largemtthe
median, the distribution is positively skewed.

We find that the mean and median are equal fostiheirban area and close for the urban area. This
reinforces our earlier statements about the das pw Self Test Problem 3-1 in the section titBdRVEY
DATA Summariesfor Data Set 1-1 at the end of Unit 2, where the distribution ofutihber of Children”
appears to be symmetric in the suburban area dpdlightly negatively skewed in the urban arean te
other hand, the difference in mean and mediarniruaral area reinforces our earlier statementtteat
distribution of "Number of Children" appears togassitively skewed for the rural area.

We now have two numerical summaries to describedémter of a distribution: the mean and the
median. What numerical summaries could we useseribe the amount dispersion in a distributionfe O
natural choice is theange, which we have previously defined to Mex —Min . Obviously, the range is going
to be sensitive to one unusually large, or one wallyssmall, observation. Another possible measidire
dispersion i€Q; — Q. , the difference between the third and first glestthis difference is called the
interquartile range, which we shall abbreviate E3R.

You should easily be able to check tH@R for the variable "Number of Children" in the SURYE
DATA is 3 —1 = 2 for the urban area of residenEed |QR for each of the other two areas of residence I(rura
and suburban). You should find th&R = 5 for the rural area, and tHQR = 2 for the suburban area. This
reinforces the fact that when we look at the dotgfor Self Test Problem 3-1 in the section titBRVEY
DATA Summariesfor Data Set 1-1 at the end of Unit 2, we see that there appedrs tmnsiderably more
dispersion in the rural area than in either ofghleurban or urban areas.

Self-Test Problem 4-1. Use the data for the variable "Yearly Incomethia SURVEY DATA, displayed as
Data Set 1-1 at the end of Unit 1, to do each efttiowing:

(@) Find the mean and median for males; thehthe mean and median for females.

(b) Do the means and medians found in patygdest that the distribution of "Yearly Incomg'tentered
at a different value for males and females? If f@swhich sex does the center of the distribution
appear to be greater?

(c) Do the means and medians found in padygyest that the distribution of "Yearly Incomasta
different shape for males and females? If yes, togs the shape appear to differ between the two
sexes?

(d) Find the range and interquartile rangenfiates; then find the range and interquartile rdngéemales.

(e) Do the ranges and interquartile rangeadadn part (d) suggest that the distribution of avlg Income”
shows a different amount of dispersion for malesfamales? If yes, for which sex does the amotint o
dispersion appear to be greater?

Self-Test Problem 4-2. The variable "Yearly Income" in thousands of ddlfor the 10 Republicans in the
SURVEY DATA, displayed as Data Set 1-1 at the ehdmit 1, is recorded as follows:
34 55 53 45 30 29 33 61 41 64.
The "Yearly Income" in thousands of dollars for hBemocrats in the SURVEY DATA are as follows:
28 75 26 78 40 60 49 39.

(a) Find the mean and median of the incometh®Republicans; then find the mean and medidheof
incomes for the Democrats.

(b) The county in which a person is employetecorded for each of 200 residents of a stateosgahized
into a frequency distribution.

(c) Do the means and medians found in patygdest that the distribution of "Yearly Incomg'tentered
at a different value for Republicans and Democratg/es, for which party does the center of the
distribution appear to be greater?

(d) Find the range and interquartile rangeRiepublicans; then find the range and interquarditeye for
Democrats.

continued next page
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continued from previous page

(e) Do the ranges and interquartile rangeadadn part (d) suggest that the distribution of &g Income"
shows a different amount of dispersion for Repaniecand Democrats? If yes, for which party doeq th
amount of dispersion appear to be greater?

(H Do In part (a), the mean income for theRépublicans was found to be 44.5 thousand dobad the
mean income for the 8 Democrats was found to b&7&thousand dollars. You now are told that th
mean income is 42.5 thousand dollars for 4 Indepetsg and that the mean income is 44 thousand
dollars for 8 Others. Use this information to 8aBnd the mean income for all 30 individuals.

(D

We have considered obtaining the mean and medign ¢
from raw data. If quantitative observations hagerb Table 4-1
summarized into a frequency distribution with thevdata Frequency Distribution
unavailable, we can still obtain, or at least agpnate, the mean
and median. Table 4-1 is a frequency distributionstructed for Absences Last Year
from the number of absences in the last year foin ef40
employees in a particular office. Days of Raw

To find the mean, we need to divide the shaby the Absence Frequency
number of observations= 40. From Table 4-1, you should 0 10
realize that the data contain ten 0s, thirteesdwen 2s, five 3s,
three 4s, and two 5s. If we wished, we could digtuaite down 1 13
a list of the 40 observations, but this would retarticularly 2 7
useful. Instead, we realize that we could obtagndum of the 40
observations simply by multiplying 0 by 10, mulgiplg 1 by 13, 3 3
multiplying 2 by 7, multiplying 3 by 5, multiplying by 3, 4 3
multiplying 5 by 2, and summing these results. sTifibecause 5 5

multiplying O by 10 is the same as summing temfidtiplying 1
by 13 is the same as summing thirteen 1s, multigly by 7 is
the same as summing seven 2s, etc. Completealoigation to find the mean. (You should find thean

days of absence to be = 1.6.)
To find the median, we need the two middle
observations in the ordered array of 40 observatithrese are Table 4-2

the 20th and 21st observations. From Table 41 sjmuld . . .
realize that the first ten observations in the mrdearray are 0s, Frequency DlStl‘lbllthll

and the next 13 observations are 1s. Consequém/y20th for Overtime Last Week
and 21st observations in the ordered array must lead,, )
which implies that the median is (1 + 1)/2 = 1 djotice that | Overtime Hours Raw Frequency

the mean appears to be a bit larger than the mediais, of Above 0to 3 21
course, reflects the fact that the distributiomays absent is
positively skewed, which you can see just by logkan the raw Above 3to 6 35
frequencies and picturing the shape of a histodoarthis Above 6to 9 49
frequency distribution.

To find the interquartile range, we must firstfiQ, Above 9to 12 42
andQ; . We obtaimQ, by averaging the two middle Above 12 to 15 78

observations among the lower 20 observations iottered
array; these are the 10th and 11th observations.oM&ainQ; by averaging the two middle observations among
the upper 20 observations in the ordered arragethee the 30th and 31st observations. nandQ; from
Table 4-1. You should find thg; = (0 + 1)/2 = 0.5 days ar@; = (2 + 3)/2 = 2.5 days. We then have
IQR=2.5-0.5=2days.

Table 4-2 is a frequency distribution construdtedn overtime in the last week for each of 175
employees in a particular office. Unlike Table 4Fable 4-2 does not display the actual individtales of the
observations. Earlier, when we were working froablé 4-1, we could actually write down a list of th
observations. In Table 4-2, however, classes haee defined. You should realize from Table 4& the
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data contain 21 observations which are greater@hgmto and including 3 hours, but we cannot sagipely
what any of these observations are equal to. &radmments can be made about each of the otteseslaIn
other words, we could not actually write down & disthe 175 observations.

To find the median, we need the middle observatidhe Table 4-3
ordered array of 175 observations; this is the 88fervation. apie -
We can tell from Table 4-2 that 21 observationmmordere_d Frequency Distribution
array are less than or equal to 3 hours, 21 + 86 gbservations .
in the ordered array are less than or equal touéshand for Potato Yield

21 + 35 + 49 = 105 observations in the orderedyara less than Yield (Ibs./acre) Raw Frequenc
or equal to 9 hours. Consequently, the 88th olsiervin the ; d b
ordered array, which is the median, must each beshere Above 100 to 120 17
between 6 and 9 hours. By looking at the raw feegies and Above 120 to 140 20
picturing the shape of a histogram for this freguyedistribution,

we can tell that the distribution of overtime ir tlast week is Above 140 to 160 24
close to symmetric (or perhaps just slightly negdyi skewed). Above 160 to 180 24
Consequently we might make a guess that the mesdsas

somewhere between 6 and 9 hours. If we were Bteten a Above 180 to 200 22
more accurate approximation of the mean and mediarctould Above 200 to 220 21
work with the midpoints of the classes and makeaise

interpolation; we shall not do this here, however. Above 220 to 240 22

Self-Test Problem 4-3. Fifty households in a certain area are surveged,the number of cars owned in eac
is recorded. Three households have no cars, fowe b car, six have 2 cars, twelve have 3 carbtesg have 4
cars, five have 5 cars, and two have 6 cars.

(&) Inthe construction of a frequency disttibn for this data, why would it not be necesdargefine

classes?

(b) Find the mean number of cars per housetrddthe median number of cars per household.

(c) What does the difference between the naeaihmedian say about the shape of the distribution?

(d) Find the range and the interquartile raiogehe number of cars per household.

Self-Test Problem 4-4. Potato yield in pounds per acre is recorded &oheof 150 different plots. The resultg
are organized into the frequency distribution digpld as Table 4-3.
(&) Why was it necessary to define classdisdérconstruction of the frequency distribution thuis data?
(b) What does the shape of the distributiaygest about the difference between the mean anthmed
potato yield?
(c) Inwhich class does the median potatadyier?
(d) What should you tell someone who trieshitain the mean potato yield by dividing
17+20+24+24+22+21+22by7?
(e) In which class do&y, lie, and in which class do€} lie, for these potato yields?
() Explain why it is not possible for the nmeaf the observations used to create Table 4-2 tequal to
23.
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Answersto Sdf-Test Problems

4-1 (a) For malesxy = 53.4 thousand dollars and median = 55 thousaltdrd; for femalesx = 37.4
thousand dollars and median = 34 thousand doll@sSince the mean and median for males are each
respectively more than 10 thousand dollars grehser the mean and median for females, it would
appear that the distribution of incomes for maseseintered at a higher value. (c) The distributibn
yearly income appears to be a little negativelysafor males and somewhat positively skewed fo
females. (d) For males, range = 78 — 30 = 48 todislollars, antQR = 65 — 39 = 26 thousand
dollars; for females, range = 71 — 25 = 46 thousdnitirs, andQR = 44 — 28 = 16 thousand dollars.
(e) The ranges and interquartile ranges suggesbsitt only a slight difference in the amount of
dispersion for males and females.

4-2 (a) For Republicansgr = 44.500 thousand dollars and median = 43.0 thmlidallars; for Democrats

Xr = 49.375 thousand dollars and median = 44.5 thmlidallars. (b) Since the mean and median for
Democrats are each respectively greater than tlha meed median for Republicans, it would appear that
the distribution of incomes for Democrats is cesdieat a higher value. (c) The distribution of year
income appears to be more positively skewed for @eats than for Republicans. (d) For Republicans,
range = 64 — 29 = 35 thousand dollars, BpiH = 55 — 33 = 22 thousand dollars; for Democratsges=
78 — 26 = 52 thousand dollars, di@R = 67.5 — 33.5 = 34 thousand dollars. (e) Theearand
interquartile ranges suggest that there is leggditon in incomes among Republicans than among
Democrats. (f) The sum of the incomes for alligfividuals iszx = (10)(44.5) + (8)(49.375) +
(4)(42.5) + (8)(44) = 1362, from which we find threan income for all 30 individuals to be 1362/30
45.4 thousand dollars.

4-3 (a) Classes would not be necessary, since thecdasast of a few different values with many
repetitions. (b) The mean number of cars per Holdds 3.22; the median number of cars per
household is 3.5. (c) The mean is a little smdhan the median, since the distribution is soméwha
negatively skewed. (d) range =6 —0 =6 cars,|@R=4 — 2 =2 cars.

4-4 (a) Classes would have been necessary, sincataenbst likely consists of many distinct valuethwi
few repetitions. (b) The fact that distributiorughly appears to be a uniform distribution, whigh i
symmetric, suggests that the mean and median@se il value. (c) The median potato yield is
between 160 and 180 Ibs./acre. (d) The numbenglzsieraged are the raw frequencies, not the potato
yields. (e)Q is very close to 140, ar@; is between 200 and 220 Ibs./acre. (f) Sincenall t
observations used to create Table 4-3 must be batd@0 and 240 Ibs./acre, it is not possible fer th
mean to be equal to 23.

Summary

A numerical summary is a number used to describe a specific charatteabout a data set. The mean
and median are two numerical summaries to destirdbeenter of a distribution for a quantitativeighte; the
range and interquartile range are two numericalnsaries to describe dispersion in a distributionafor
guantitative variable.

Themedian of n quantitative observationg , X, , ... , X,is Q. , the second quartile in the five-number
summary. Thenean of n quantitative observationg , %, , ... , X, is simply the arithmetic average calculated by
dividing the sum of the observations by the nundjerbservations; using the summation notation, aresay

— X
that the mean iX = Z— . The mean can be sensitive to a few unusuaiye|aor unusually small,
n

observations, but not the median. When a disidhus nearly symmetric, the mean and median wltlose
in value; when the mean and median are not clogalire, the distribution will be positively or ndiyaly
skewed. If the mean is smaller than the mediangdistribution is negatively skewed,; if the meafarger than
the median, the distribution is positively skewétlith a positively or negatively skewed distributjahe
median is often a more reasonable measure of ciaterthe mean.
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Therange is Max —Min, the difference between the largest and smallesgrvations. The
interquartile range, abbreviatedQR, is Q; —Q; , the difference between the third and first glesmt The range
is sensitive to one unusually large, or one uniggatall, observation.
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