Unit 6
More Numerical Summaries

Objectives:
* To obtain and interpret several measures of céotehe distribution of a quantitative variable
» To obtain and interpret several measures of digpefer the distribution of a quantitative variable
* To obtain and interpret a measure of skewneséodistribution of a quantitative variable

We have defined several numerical summaries fopthrpose of describing the center for the
distribution of a quantitative variable and the amoof dispersion in the distribution of a quarttita variable.

The mean k) and median@,) are measures of center for the distribution gbantitative variable, and the
range and interquartile rang&®R) are measures of dispersion for the distributiba quantitative variable. We
shall now introduce one additional measure of d&pa, based on the amounts by which each of the
observations in a data set differ from the mean.

A deviation from the mean is defined to be an observation minus the medheobbservations. Recall
that we represent a list onumerical values by , X, , ... , X, . We would then represent the deviations by

X1— X, X=X, ..., X—X.

For the sake of brevity, subscripts can be omitthdn there is no confusion, and deviations are lgimp

represented by— X . A deviation will be positive when the observatis greater than the mean and negative
when the observation is less than the mean.

It should certainly come as no surprise that tiva ef the deviations will always be zero; in other
words, the negative deviations and the positivéadiens will balance each other out, so to spdaging our

summation notation, we would say t#kx — X) = 0 is always true. To illustrate, we considec® again the
variable "Number of Children" in the SURVEY DATAisplayed as Data Set 1-1 at the end of Unit 1.
Focusing only on the = 10 individuals with an urban residence, we let

X1=2,%=3 %=3,%=1,%=0,%=2,%=2,X%=4 X% =3 Xp=1.

Previously, we have found thgrtu =2.1. You should be able to verify easily that teviations are
-01,+09,+09,-11,-21,-01,+0-19,+09,-1.1.

It is now an easy matter to check that these dewsiindeed sum to zero.

Since deviations from the mean always sum to zeeanust ignore the signs of the deviations in orde
to obtain a measure of dispersion. The most nianchintuitively pleasing measure of dispersioruldde the
average of the absolute values of the deviatiohgwcan be called thebsol ute mean deviation.
Unfortunately, life is often not simple, and fonsewhat complex mathematical reasons which we detatd
here, the absolute mean deviation is almost nesadl;unstead, another measure of dispersion wheckhall
now introduce is used.

Much of classical, statistical theory is basedarumerical summary called thariance. The variance
is the sum of the squares of the deviations dividedne less than the number of observations. r8gutne
deviations is one way of ignoring the signs ofdlegiations (although using absolute values may ssepler).
Dividing by one less than the number of observatiostead of just dividing by the number of obstores
seems strange, but this is related to the facvtkanust have at least two observations beforeanenteasure
dispersion. (One observation by itself does ne¢ gis a measure of variation.)
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With summation notation, we uZéx — X)? to represent the sum of the squares of the dewigton
which the variance is based. It is important &lize that this notation implies that we first squaach
deviation, and then sum the results. This is quifferent from summing the deviations first andnlsquaring
this sum (which of course will always be zero, sires we noted earlier, the sum of the deviatisadways

zero). Verify tha&(x — X)? = 12.9 for "Number of Children" with the= 10 individuals in the urban area of
residence in the SURVEY DATA.

Because the variance is so widely used as a measdispersion, the special symisbls used to
denote the variance. Using summation notationgavewrite the following:

Y
o= > (x=X)
n-1
The only way the variance can be equal to zeroagdry observation in a data set is equal to #meesvalue,

implying that every observation will be equal te thean. The more dispersion there is in a datéhsetis, the
more the observations tend to differ from eachrodimel from the mean, the larger the variance weill Bince

you have just found thai(x — ;<)2 =12.9 for "Number of Children" with the= 10 individuals in the urban
area of residence in the SURVEY DATA, we then fihdt the variance is

& =129 _1433 .

10-1
The subscriptU" on the sﬁ indicates that the variance is being calculatedifban residents.

Since the computation of the variance involvesasgg observations, its unit of measurement ismet
same as that of the observations. For instanee dre measuring distance in feet, then the vegianll be in
terms of square feet. While square feet is a nmgimli unit of measurement, it is not the same ahit
measurement as that of the observations. Ofteryriit of measurement for the variance is not even
meaningful, such as when we are observing numbehittiren where the variance would be in termsqpiase
number of children! In order that we have a measfidispersion which has the same unit of measemeas
the observations (as the mean and median do), fiveedkestandard deviation to be the square root of the
variance, and we represent the standard deviatithrtee symbol s. For the= 10 individuals in the urban area
of residence in the SURVEY DATA, the standard deeraof the variable "Number of Children"sg =

71433 = 1.197.
You previously found that for the variable "NumioéiChildren" In the SURVEY DATA,;(R = 4.6 and

;<3 = 3.0. Now, find the sum of squared deviatiomsrfithe mean, find the variance, and find the stahda
deviation for the individuals with a rural residerend for the individuals with a suburban resider(®r the

rural area, you should find thafx — ;<)2 =64.4, Sé =7.111, andg = 2.667; for the suburban area, you should
find that=(x — x)? = 30, s2 =, andss= 1.826.)

Notice that the standard deviation is smallestherurban area and largest for the rural areds Th
reinforces what we see in the dot plots for SektTRroblem 3-1 (displayed in the section titkdRVEY
DATA Summariesfor Data Set 1-1 at the end of Unit 3), which is that that therpegrs to be more dispersion
in the distribution of "Number of Children" in tmeral area than in the urban area.

We have previously seen how positive or negatkesveess in data can affect the mean but not the
median. Because of this, we can base a measskewhess on the distance between the mean andcethiarm
In particular, we can compare the distance betwleemean and median to the standard deviation by

calculating theskewness ratio which we shall define to bé;( - median)/s, which represents the number of

standard deviations of difference between the nagarthe median. This ratio will always be betwegrand 1;
in other words, the mean and median will never beenthan one standard deviation apart. Note beat t
skewness ratio will negative if the mean is smdhan the median and will be positive if the meatarger than
the median. Roughly speaking, a distribution camwdnsidered very negatively skewed if the skewregss is
less than —0.3, and a distribution can be congidezey positively skewed if the skewness ratio &renthan
+0.3. Of course, for a distribution which has aphclose to being symmetric, the skewness ratid@/iclose
to zero.
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From the SURVEY DATA, find the skewness ratio lo¢ tvariable “number of children” for each of the

three areas of residence (rural, suburban, urldirtffie means and standard deviations you neechappélier
in this unit, and the medians were found in Untib4e 3.5, 3, and 2 for the rural, suburban, abdmareas
respectively. You should find that the skewnes$isia 0.41, 0, and 0.08 for the rural, suburbarg arban
areas respectively. These results reinforce wieate in the dot plots for Self-Test Problem 3idpldyed in
the section title GURVEY DATA Summariesfor Data Set 1-1 at the end of Unit 3), which is that the
distribution of "Number of Children" is very positily skewed in the rural area, is symmetric inghburban
area, and is close to symmetric in the urban area.

Self-Test Problem 6-1. The variable "Yearly Income" in thousands of ddlfor the 10 Republicans in the
SURVEY DATA, displayed as Data Set 1-1 at the ehdmit 1, is recorded as follows:
34 55 53 45 30 29 33 61 41 64.
In Self Test Problem 4-2, we found the mean to48 thousand dollars and the median to be 43.CsHral
dollars.
(a) Find the variance and standard deviatfdheincomes for the Republicans.
(b) Find the skewness ratio for the incomethefRepublicans, and indicate what this suggédsiatahe
shape of the distribution.
(c) How could the 10 original incomes be a&tkso that the mean remains the same, but theasthnd
deviation is larger?
(d) How could the 10 original incomes be ateso that the mean remains the same, but theasthnd
deviation is smaller?

Self-Test Problem 6-2. In the SURVEY DATA, displayed as Data Set 1-thatend of Unit 1, following
numerical summaries (which you may decide to vdofypractice) apply to yearly income ($1000s):

Republicans Democrats
Xr=44.500 Xp =49.375
median = 43.0 median = 44.5
s =13.083 S5 = 19.957

(8) How does the center of the distributiolyedrly incomes seem to compare for the two pé&rties
(b) How does the dispersion in the distriboitid yearly incomes seem to compare for the twtigs#
(c) How does the shape of the distributiogexrly incomes seem to compare for the two parties?

Sdf-Test Problem 6-3. Figure 2-7 displays a box plot of yearly salaf@seach of three mythical corporatior
Indicate for which corporation(s) the standard déon of salaries is likely to be the largest, fod
which corporation(s) the standard deviation of rsadais likely to be the smallest.

We have considered obtaining the standard dewiatidy from raw data. If quantitative observations
have been summarized into a frequency distributiitim the raw data unavailable, we can still obtainat least
approximate, the standard deviation. Table 4ffeguency distribution constructed from the numdfer
absences in the last year for each of 40 emplayezparticularoffice. We previously found from this

frequency distribution that the mean days of abséng = 1.6.

To find the variance, we need to divide the suramfared deviations(x — X )? by one less than the
number of observations (i.e., divide by- 1 = 40 — 1 = 39). We easily obtained the meam fTable 4-1 by
first realizing that the data contain ten Os, #art 1s, seven 2s, five 3s, three 4s, and twofvge Wished, we
could actually write down a list of the 40 deviasofrom the mean, but this would not be particylageful.

Instead, we realize that we could obtain the susgafired deviations(x — X )* simply by multiplying

(0 — 1.6§ by 10, multiplying (1 — 1.6)by 13, multiplying (2 — 1.8)by 7, multiplying (3 — 1.6)by 5,
multiplying (4 — 1.63 by 3, multiplying (5 — 1.6)by 2, and summing these results. Complete theiledion to
find the variance. (You should find the varianoe atandard deviation for days of absence t&f be2.092 and
s = 1.446 respectively.)
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Self-Test Problem 6-4. In Self Test Problem 4-3, 50 households in eagedrea were surveyed, and the
number of cars owned in each was recorded. Itfea®d that three households have no cars, four haae,
six have 2 cars, twelve have 3 cars, eighteen haaes, five have 5 cars, and two have 6 carwadtalso
found that the mean number of cars per househd®&cars and the median number of cars per holgsih
3.5.

(a) Find the standard deviation of cars perskbold for this data.

(b) Find the skewness ratio, and indicate \ifniatsuggests about the shape of the distribution.

Sef-Test Problem 6-5. Figure 2-8 displays a box plot of weights forleat five mythical types of oranges.
Indicate what difference, if any, there is liketylie in the standard deviation between each dbttaving
pairs:
(@) Type A and Type B, (b) Type C and Tipe (c) Type D and Type E.
Self-Test Problem 6-6. Potato yield in pounds per acre is recorded &heof 300 different plots, where
variety X potatoes are used in 150 plots, and iaMepotatoes are used in 150 plots. The resus a
organized into the two frequency distributions tigpd as Tables 6-1 and 6-2.
(a) Indicate what difference, if any, therdikely to be in the standard deviation of potatel¢ between
the two varieties.
(b) Indicate what difference, if any, therdikely to be in the skewness ratio of potato yie&tween the
two varieties.

We defined
both the mean and
the median for the
distribution of a
guantitative
variable, since we
generally cannot
calculate either of

Table 6-1
Frequency Distribution for
Variety X Potato Yield

Yield (Ibs./acre) Raw Frequency
Above 100 to 120 17

Above 120 to 140 20

Table 6-2
Frequency Distribution for
Variety Y Potato Yield

Yield (Ibs./acre) Raw Frequency
Above 100 to 120 7

Above 120 to 140 10

these with a

N ) Above 140 to 160 24 Above 140 to 160 34
gualitative variable.
For instance’ |t Above 160 to 180 24 Above 160 to 180 44
makes no sense to Above 180 to 200 22 Above 180 to 200 32
compute amean or | Apave 200 to 220 21 Above 200 to 220 11
median for the
Above 220 to 240 22 Above 220 to 240 12

variable "Political

Party Affiliation" in

the SURVEY DATA. With a qualitative variable, hovex, we can define a numerical summary known as the
mode, which is defined to be the most frequently odogrobservation(s) if any exist. The mode might be
considered an analog to a measure of center fatishi@ution of a quantitative variable.

Table 3-1, Figure 3-1, and Figure 3-2 each distiaynumber of individuals in each of the four
categories for "Political Party Affiliation." Thmode is the category with the largest frequencyckvis the
Republican Party. When no observation occurs rofiem than any other, we can call every observation
mode, or we might say that there is no mode. iBhise case with the variable "Residence" in thk8BY
DATA, where each of the three categories (rurdbusban, urban) is observed exactly ten times.

With a quantitative variable, we can of courseaobt mode, but the mean and median are often of
more interest then the mode. Table 3-2, Figure@adl Figure 3-4 each display frequencies for Hriable
"Number of Children," from which we find the modeklie 2 children. If we focus only on urban restdewe
find from the corresponding dot plot among themlots for Self-Test Problem 3-1, that there are maxles, 2
children and 3 children, since both occur the sammaber of times but more than any other value enciita.
Now, you find the mode(s), if any exist, for thealresidents and the suburban residents. (YoulgHimd that
the mode for the rural area is 2 children, and tthexte are three modes for the suburban arealdet; 3
children, and 4 children.)
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Answersto Self-Test Problems

6-1 (@)’ = 171.167 and = 13.083. (b) (44.5 — 43.0) / 13.083 = 0.11; thiggests that the distribution of
incomes for the Republicans is a little positivekgwed. (c) Change the smallest income of 29
thousand dollars to 19 thousand dollars, and chdrgkargest income of 64 thousand dollars to 74
thousand dollars. (d) Change the smallest incan2® thousand dollars to 39 thousand dollars, and
change the largest income of 64 thousand dolla®g tihousand dollars.

6-2 (a) It appears that the distribution of incomesDemocrats is centered at a higher value than for
Republicans, since both the median and medianighehfor Democrats. (b) It appears that the
distribution of incomes for Democrats is more dispd than for Republicans, since the standard
deviation is higher for Democrats. (c) Since tkevwmess ratio is 0.11 for Republicans and 0.24 for
Democrats, it appears that the distribution of mes is a little positively skewed for the Repubiisa
but considerably more positively skewed for Demtscra

6-3 The standard deviation is likely to be the smallesthe Phi Corporation. The standard deviatidlh
most likely be equal, or very close, for the Betagdration and the Gamma Corporation.

6-4 (a) The standard deviation of cars per housela;ol&02l58/49 = 1.447. (b) (3.22-3.5)/1.447 =

—0.19; this suggests that the distribution istielitegatively skewed.

6-5 (a) Type A'is likely to have a larger standardidgon than Type B. (b) Type C and Type D areliike
to have close to the same standard deviationTy(og E is likely to have a larger standard deviatio
than Type D.

6-6 (a) Variety X is likely to have a larger standdeViation than variety Y. (b) The skewness ratiib w
probably be close to zero for each variety.

Summary

For the distribution of a quantitative variableg tmean E() and median@,) are measures of center,
and the range and interquartile rang@R) are measures of dispersion. Other measurespédion can be
defined based odeviations from the mean:

Xl—;( y Xo— Xy uin Xn—;( .
A widely used measure of dispersion is tagance, denoted by’. The variance is defined to be the sum of the
squared deviations from the mean divided by oretlesn the number observations, that is,

o= D (x=x)°
n-1
The only way the variance can be equal to zerodgdry observation in a data set is equal to dmeesvalue,
implying that every observation will be equal te thean. The more dispersion there is in a datéhsetis, the
more the observations tend to differ from eachrosimel from the mean, the larger the variance will Bhe
standard deviation, denoted by, is defined to be the square root of the variatiee standard deviation provides
us with a measure of dispersion in the same umitadsurement as in the original data.

We define theskewnessratio to be (;( - median)/s. Roughly speaking, a distribution can be

considered very negatively skewed if the skewnass is less than —0.3, and a distribution candresiclered
very positively skewed if the skewness ratio is eniran +0.3. For a distribution which has a slapse to
being symmetric, the skewness ratio will be clasedro.

Themode is defined to be the most frequently occurringastaation(s) if any exist. With a quantitative
variable, the mean and median are often of moegast then the mode. The mode is more usefulavith
gualitative variable, where computing a mean oriarethakes no sense as a general rule.
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