Unit 7
Comparisons and Relationships

Objectives:
» To understand the distinction between making a @ispn and describing a relationship
* To select appropriate graphical displays for makiognparisons
» To select appropriate graphical displays for desugi relationships

Up to this point, our focus has been primarilychiaracteristics of the distribution for a singleiable.
We now want to consider situations involving aslkesvo variables, where we can study the relatignsh
between two variables. In particular we shall Iseussing two concepts: making a comparison ancritésy
a relationship. Making eomparison generally implies that different observationsha same numerical
value(s) or commensurate numerical values (i.duegameasured on the same scale) are being compared
Describing aelationship implies describing how changes in one variabldard#teenced by changes in a second
variable. Depending on the situation, making agamnson may involve only one variable or more thaa
variable; however, describing a relationship mhstgs involve (at least) two variables.

As an illustration, let us suppose we would li@edmpare the distribution of weights for five difént
types of oranges (labeled A, B, C, D, and E).eéimas clear that in this situation our intereshisaking
comparisons. In fact, Figure 2-8 displays a bat pf weights for each of the five types of orangkkving the
five box plots on the same graph makes it easpapare the center of the distribution of weighte, t
dispersion of the distribution of weights, and shape of the distribution of weights for the fiypes of
oranges, which we have done previously.

While it seems clear that Figure 2-8 designed a@rcomparisons, it may surprise you to find oat th
in this particular situation making these comparssis actually the same as describing a relatiprisgiween
two variables! The two variables are “type of @@h(which is qualitative-ordinal with five categes) and
“weight” (which is quantitative). If there were nelationship between “type of orange” and “wejgtiten we
would expect that the distribution of weights wolddk practically identical for the five types ofamges;
however, if there were a relationship between étgporange” and “weight,” then this relationshipwld have
to be described in terms of how the distributionvefghts differs for the five types of orangesiroother words
how changes in “weight” are influenced by change$yipe of orange.” Consequently, making a corguariof
the distribution of weights among the five type®mdnge and describing the relationship betwegme"tyf
orange” and “weight” are really just two differemays of thinking about the same thing!

We see then that the distinction between makiognaparison and describing a relationship is not
always a sharp one. Describing a relationshipscametimes be done by making comparisons, but making
comparisons does not always imply that a relatignishbeing described. If we are making compargsion
order to describe how changes in one variablenditeenced by changes in a second variable, theareveeally
describing the relationship between two variabl@s. the other hand, if we are making comparisorisiwtio
not involve how the values of one variable influeracsecond variable, then we are not describietationship.

For instance, consider the frequency distribut@rpolitical party constructed in Table 3-1 or the
corresponding bar chart and pie chart displayegeeively as Figures 3-1 and 3-2 There is essgntaly one
variable involved here: “political party affiliatno” The frequency table and graphical displaysénas to
make a comparison of the proportions of each cayegfahe variable “political party affiliation,” it since we
are only considering one variable, we cannot saywle are describing any relationship.

As another illustration, let us consider the btot for yearly income constructed in Figure 2-5hefe
is essentially only one variable involved here:dfg income.” Since we are only considering oneale,
there is no way to refer to the relationship betwiseo variables. However, the box plot might pbksbe used
to compare of the proportion of incomes in one eangh the proportion of incomes in another rargdp
compare the median income with some particularezalu

It would be proper to say that Figure 2-8 can $eduto compare the distribution of weights among
orange types A, B, C, D, and E. It would also kappr to say that Figure 2-8 can be used to destinidn
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relationship between type of orange and weightwéier, it would not be proper to say that Figur@ @n be
used to describe the relationship between oramgst, B, C, D, and E, since A, B, C, D, and Eaategories,
not variables. Also, it would not be proper to Hagt Figure 2-8 can be used to compare type ofgerand
weight, since “type of orange” and “weight” are mommensurate variables.

Three different situations involving two variabke® possible: one variable is qualitative andother
is quantitative, both variables are qualitativeboth variables are quantitative. Figure 2-8 mledius an
example of the situation where one variable isitptale and the other is quantitative; contiguoag plots
were used to display the relationship betweenwloevariables. However, we could alternatively hakiesen
contiguous stem-and-leaf displays, contiguous grstms, contiguous frequency polygons, etc. Réall the
contiguous dot plots constructed in Self-Test RrobB-1(a) were used to compare the distributioiNoimber
of Children" in the SURVEY DATA for the rural, suthan, and urban areas; this is essentially whatrites
the relationship between "Residence” and "Numb&toldren.” An alternative graphical display i®th
separate frequency polygon for each of the threasaof residence (all placed on the same grapbgliAT est
Problem 3-1(e). Having now considered exampldh@f&ituation where one variable is qualitative tred
other is quantitative, we next want to considemaxas of the other two possible situations.

Sef-Test Problem 7-1. For each of several residents in a city, dataderded which includes the variable type
of job (white collar or blue collar), treated asatitative-dichotomous, and the variable diastolmoll pressure,
treated as quantitative.
(&) Suppose the data are to be used to stpdgsable relationship between type of job andtdiisblood
pressure. Is this goal stated properly? If ndty wot?
(b) Suppose the data are to be used to shedgifference between type of job and diastoliotlpressure.
Is this goal stated properly? If not, why not?
(c) Suppose the data are to be used to stpdgsible relationship between diastolic blood gues and
blue collar workers. Is this goal stated properlf/@aot, why not?
(d) Suppose the data are to be used to shadgifference in diastolic blood pressure betwehitecollar
and blue collar workers. Is this goal stated priy@e If not, why not?
(e) How can the distribution of diastolic bibpressure be compared graphically for white collarkers
and blue collar workers?

Self-Test Problem 7-2. The major source of income is recorded for edehamy undergraduate college
students.
(&) Suppose the data are to be used to stedglationship between sources of income. Isgbid stated
properly? If not, why not?
(b) Suppose the data are to be used to contipafeequency of the different sources of incorgethis
goal stated properly? If not, why not?
(c) What graphical display can be used to ammphe frequency of the different sources of ine®@m

We shall now consider situations involving twoigates where both variables are qualitative. Recal
that Table 3-1 is a frequency distribution for tRelitical Party" in the SURVEY DATA, displayed &sata Set
1-1 at the end of Unit 1. Figure 3-1 displays thasa in a bar chart. However, let us supposewhavant to
simultaneously consider the variables "Residennd™®Rolitical Party" in the SURVEY DATA. Both oh¢se
variables are qualitative. A contingency table barused to display the frequencies for two qualta
variables.

Table 7-1 is &ontingency table consisting of three rows representing "Resideace!'four columns
representing "Political Party." Each cell entryttuk contingency table will contain a raw frequgribis raw
frequency is the number of people who are fromettea of residence represented by the corresponaimgnd
who have a political party affiliation represent®dthe corresponding column. Use the SURVEY DATA,
displayed as Data Set 1-1 at the end of Unit &nter the appropriate raw frequency in each celladfle 7-1.

Frequencies displayed along the right and lowgesgust outside a contingency table are row and
column totals. In Table 7-1, each row total istibtal number of people in the corresponding afgasidence,
and each column total is the total number of peopthe corresponding political party affiliatioThe total
number of people is displayed in the lower rightheo just outside the contingency table and isedae grand
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total. Enter the row totals, column totals, anangktotal in Table 7-1. This table should nowhmgame as
that in the corresponding table displayed in tletige titted SURVEY DATA Summariesfor Data Set 1-1 at
the end of this unit.

One way to
display graphically the Table 7-1
data of Table 7-1s to Contingency Table for "Residence"” and
modify the bar graph " .ys " e
displayed as Figure 7-1a Political Party" in the SURVEY DATA
(taken from Figure 3-1). Political Party

The height of each bar in _
Figure 7-1a represents the|| Residence  Republican  Democrat  Independent Other

number of people in the Rural
corresponding political
party category. For each Suburban
political party category,
we can divide the Urban
corresponding bar into

pieces whose lengths are
proportional to the raw
frequencies for the three
areas of residence: rural, suburban, and urbabarAhart where each bar is divided into piecessetengths
are proportional to frequencies corresponding¢eand variable is calledssacked bar chart. For instance,
we see that the height of the bar correspondirtigetdRepublican party is 10, but this bar can beldivinto
three pieces. If the bottom piece were to reptedRepublicans from the rural area, it should halength equal
to 2. Similarly, if the middle piece were to repeat Republicans from the suburban area, it shHoale a
length equal to 4. This would leave a length @drdthe top piece, indicating that 4 of the 10 Ramans are
from the urban area. Each of the other bars caliviided in a similar manner. In each case, thliferent
shades (or colors or design) can be used for régpgueces, one for the rural area, one for thmighan area,
and one for the urban area. Legends could thersée to indicate which shading (or color or design)
corresponds to which area of residence. Comphetstaicked bar chart displayed as Figure 7-1a by
appropriately dividing each bar into sections aohgleting the legend to distinguish between thiediht
sections of the bars; you will find that two of th&rs need only be divided into two pieces, siheeg are no
residents from the urban area in each of theseases. This stacked bar chart should be the sathatan the
corresponding figure displayed in the sectiondi®®/ RVEY DATA Summariesfor Data Set 1-1 at the end of
this unit.

Instead of using "Political Party" to Figure 7-1a
label the horizontal axis of our stacked bar Stacked Bar Chart for “Political Party" in the
chart, we could have chosen to label the SURVEY DATA
horizontal axis with "Residence" instead.
With "Residence" labeled on the horizontal 10
axis, each bar would be exactly the same g
height because the number of people from ? 7 |
each area of residence is the same, 10. ¢ g |
Complete the stacked bar chart displayed ¢ & 5 |
Figure 7-1b by appropriately dividing each $ 4 |
bar into sections and completing the legenc % 3 -
to distinguish between the different section: _ x 2 —-—
of the bars. This stacked bar chart should | /ésidence — ]
the same as that in the corresponding figur, ~ Urban 0 T T T T
displayed in the section titlESURVEY Suburban Republican Democrat Independent  Other
DATA Summariesfor Data Set 1-1 at the Rural Political Party
end of this unit.

Figure 7-1a and Figure 7-1b each
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provide us with an example of a graphical displaylving the two qualitative variables "Residenaed
"Political Party." Let us consider Figure 7-1b éomoment. We can think of using this stackedchart to
make a comparison of the three different areassflence with regard to political party affiliaticor we can
think of using this stacked bar chart to descritmerelationship between the two qualitative vagabl
"Residence" and "Political Party." These are fust different ways of thinking about the same thirkggure
7-1b allows us to make a comparison of the propomif a particular political party in one area@$idence to
the proportion in another area of residence. Hewngwocusing on how the proportion of a particydalitical
party differs from one area of residence to anathprecisely what we need to do in order to désctiie
relationship between "Residence” and "Politicatyyawe must. Consequently, making a comparisothef
areas of residence with regard to the distributibpolitical parties can is the same thing as dbswy the
relationship between "Residence" and "PoliticatyarA similar comment can be made about Figudea7that
is, making a comparison of political parties théhwegard to the distribution of areas of residecare
essentially be considered the same thing as desgtiire relationship between "Residence” and "iealit
Party."

The way in which the data is for the
two qualitative variables are collected often Figure 7-1b
influences whether one thinks in terms of a Stacked Bar Chart for “Residence” in the
making comparison or in terms of describing SURVEY DATA
a relationship. If the data for Figure 7-1b 1
were collected by selecting from each area |
residence a fixed number of individuals, ong
might be more inclined to think in terms of
making a comparison of the areas of
residence with regard to political parties. Ol
the other hand, if individuals were selected | Folitical
without regard to either of the variables, ong Party
might be more inclined to think in terms of Other
describing a relationship between area and
party affiliation.

When looking at Figure 7-1b, it is
proper to refer to the difference between the
rural and suburban areas, but it is not proper
to talk about a relationship between the rural suttlirban areas; this is because the rural aretharsdiburban
area are not two different variables, they are different categories of the same variable. Orother hand, it
is proper to refer to the relationship between afeasidence and political party affiliation, buis not proper
to talk about a difference between area of resiel@ma political party affiliation; this is becaussidence and
political party affiliation are two distinct, bubhcommensurate, variables.

If we were going to make a choice of using Figtwka or Figure 7-1b to describe the possible
relationship between area and party affiliation,might be more inclined to choose Figure 7-1b, esithe bars
all have the same height, making it easier to coetiee three areas of residence. From this stdeiedhart,
we see that we might describe the relationshipalying that the urban area has the highest propoofio
democrats, the urban and suburban areas each higleea proportion of republicans than the rurakamand
the rural area has the highest proportion of inddpats. Whether or not the apparent relationsleipnight see
in a stacked bar chart is significant is a subjedte addressed in a future unit.

Raw Frequency

CmNWB IO~ ®®OO

| | \
Rural Suburban Urban
Area of Residence

Independent
Democrat

Republican

Sef-Test Problem 7-3. For a large number of people, data is recordddhwihcludes location of residence
(rural, urban) and whether the soft drink Napple weer purchased (yes, no), both variables trested
gualitative-nominal.
(&) What kind of table can be used to sumreair display the data?
(b) What graphical display can be used toystugossible relationship between residence andhehe
Napple was ever purchased?
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Self-Test Problem 7-4. Monthly income is recorded for each of severghtéchool students.
(&) Suppose the data are to be used to dtedgistribution monthly incomes among high schaadlents.
Is this goal stated properly? If not, why not?
(b) Suppose the data are to be used to stpdgsible relationship between incomes among higbd
students. Is this goal stated properly? If noty wht?
(c) What graphical display can be used toysthd distribution of monthly incomes among higheal
students?

Sef-Test Problem 7-5. For each of several residents in a city, dataderded which includes the variable type
of job (white collar or blue collar) and the vatlialarea of residence (rural or urban), both treatedualitative-
dichotomous.
(&) Suppose the data are to be used to stpdgsible relationship between white collar worland blue
collar workers. Is this goal stated properlyhdf, why not?
(b) Suppose the data are to be used to stpdgsible relationship between type of job and afea
residence. Is this goal stated properly? If ndty wot?
(c) Suppose the data are to be used to shedgitference between type of job and area of eesid. Is this
goal stated properly? If not, why not?
(d) Suppose the data are to be used to shadgifference in distribution of job types betwelea rural and
urban areas. Is this goal stated properly? Ifwht; not?
(e) How can the possible relationship betwgpe of job and area of residence be displayedhigalty?

Finally, we consider situations involving two \asles where both variables are quantitative. Makin
comparison of the distribution of the two quaniitatvariables is nathe same as describing the relationship
between the two quantitative variables. To illatgy let us consider the two quantitative variablesekly TV
hours” and “weekly radio hours” with the SURVEY DATdisplayed as Data Set 1-1 at the end of Unit\e
may possibly be interested in making a comparintefdistribution of these two variables, but thisuld not
be the same as describing the relationship bettesse two variables.

Figure 7-2
Modified Box Plots for Weekly TV Hours and Weekly Radio Hours
in the SURVEY DATA

TV .

5 10 15 20 25 30
Hours

One way to compare the distribution of these tamables is with contiguous modified box plots,suc
as those displayed in Figure 7-2. (Of course, \ag alternatively choose contiguous stem-and-lesgldys,
contiguous histograms, or contiguous frequencygmtg.) From Figure 7-2, it appears that the dhigtidn for
“weekly radio hours” is centered at a higher vahamn that for “weekly TV hours,” the distributioarf“weekly
radio hours” has somewhat more dispersion tharfohdtweekly TV hours,” and the distribution for ‘@ekly
radio hours” is a little less skewed than that‘feeekly TV hours.”

Figure 7-2 does not enable us to describe thdaeship between “weekly TV hours” and “weekly
radio hours,” because we cannot see how the valumse variable changes with the values of therothe
variable. In order to study a possible relatiopsietween “weekly TV hours” and “weekly radio hsetirwe
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need a graphical display which shows how changesénvariable are influenced by changes in a therot
variable. One way to visualize the relationshipwaen two quantitative variables is to look ataiter plot. A
scatter plot is constructed by labeling a horizbaxss with possible values of one quantitativeiafle and
labeling a vertical axis with possible values & tither quantitative variable. Dots are then usedpresent
each pair of observations. If we think of one &hké as being predicted from the other, thendgustomary to
label the vertical axis with the variable beinggcéed and label the horizontal axis with the vialeafrom
which predictions are made; otherwise, which axislbeled with which variable is just a matter efgpnal
preference.

Figure 7-3 is a scatter plot for the

variables "weekly TV hours" and "weekly Flgure 7-3

radio hours". Since we do not choose to Scatterplot of TV and Radio Hours
think of one variable as being predicted fro

the other, the choice of which variable to 30

label on which axis was arbitrary. The 30 5 *

dots in the scatter plot represent the 30 =

people from which the data was obtained. & B LR

For each person, a dot has been placed or I . .

the scatter plot above the value on the E_-_ 15 — * .

horizontal axis corresponding to that o R R
person's weekly radio hours and to the rigk 5' 10 - . * 3 .

of the value on the vertical axis 8 ¢ Ve ¢« T
corresponding to that person's weekly < 5 . *
television hours. From this scatter plot, we

might describe the relationship by saying 0 T T T T T T
that weekly TV hours appears to decrease 0 A 10 15 20 2% 30 3H
weekly radio hours increases. Weekly Radio Hours

Returning momentarily to Figure
7-2, note that the only reason that it made semserhpare the distribution of the two quantitatregiables
“weekly TV hours” and “weekly radio hours” with tleentiguous box plots is because these two vagadiie
commensurate, that is, they are both measurednwiths. It would make no sense to talk about comgahe
distribution of the two quantitative variables “ag@d “yearly income” or to construct contiguousiadots of
these two variables, because these two variabdesarcommensurate; that is, they are measuredrapletely
different scales, with “age” measured in years ‘gedrly income” measured in dollars. However, a@ c
certainly study a possible relationship

between “age” and “yearly income.” Fisure ~-
Figure 7-4 is a scatter plot for the g 7-4
variables “age” and “yearly income.” The 3( Scatterplot & Least Squares Line

dots in the scatter plot represent the 30 peo
from which the SURVEY DATA, displayed
as Data Set 1-1 at the end of Unit 1, was
obtained. For each person, a dot has been Fy
placed on the scatter plot above the value ¢ ,8.80
the horizontal axis corresponding to that "
person's age and to the right of the value or % gn
the vertical axis corresponding to that

person's yearly income. Not only may we b = 4g
interested in studying the relationship

between “age” and “yearly income,” but we &30 _
might specifically be interested, say, in

predicting “yearly income” from “age.” This 2
being the case, we decided to label the

vertical axis with income (the variable being 15 25 35 45 S8 65
predicted) and label the horizontal axis with Age fyears)

3
|
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age (the variable from which predictions are madé&)u will notice that Figure 7-4 includes somethiralled a
least squares line with the scatter plot. Thistieguares line enables us to make predictionsvdhie
discussed in a future unit. From this scatter, pl@t might describe the relationship by saying yleatrly
income appears to increase as age increases.

Self-Test Problem 7-6. Data is recorded for several residents in a statkiding weekly hours spent Iistenind;
to the radio, weekly hours spent watching televisand yearly income. All three variables aretedas
guantitative. Decide whether the goal in eachasibm is stated properly.
(&) Suppose the data are to be used to stpdgsable relationship between time spent listetintpe radio
and time spent watching television. Is this goatex! properly? If not, why not?
(b) Suppose the data are to be used to shedgitference in distribution between time spesteling to the
radio and time spent watching television. Is tjoal stated properly? If not, why not?
(c) Suppose the data are to be used to stpdgsible relationship between time spent listetintpe radio
and yearly income. Is this goal stated properdyit, why not?
(d) Suppose the data are to be used to shedgiitfference in distribution between time spesteling to the
radio and yearly income. Is this goal stated prig@elf not, why not?
(e) Suppose the data are to be used to stpdgsable relationship between time spent watcteteyision
and yearly income. Is this goal stated properyit, why not?
() Suppose the data are to be used to shalditference in distribution between time spentolving
television and yearly income. Is this goal statespprly? If not, why not?
(g) Indicate how each of the following candigplayed graphically:
(i) the possible relationship between tgpent listening to the radio and time spent watghélevision,
(i) the difference in distribution betwetime spent listening to the radio and time spenthiag
television,
(i) the possible relationship between tiggent listening to the radio and yearly income,
(iv) the possible relationship between timperg watching television and yearly income.

Answersto Self-Test Problems

7-1 (a) This is stated properly. (b) This is notetbproperly, since type of job and diastolic blpoessure
are not commensurate. (c) This is not stated phkgnce “blue collar worker” is a category, rsot
variable. (d) This is stated properly. (e) TwxIpbots displaying diastolic blood pressure, one fo
white collar and one for blue collar, would be agprate (as would two stem-and-leaf displays, ar tv
histograms, etc.).

7-2 (a) This is not stated properly, since only onealde “major source of income” is involved. (bhi¥ is
stated properly. (c) A bar chart with bars repnéisg major source of income would be appropriate,
since “source of income” is qualitative. (A pieachcould also be used.)

7-3 (a) A contingency table would be appropriate, siresidence and purchase of Napple are both
gualitative. (b) A stacked bar chart would be appiate to display the relationship between two
gualitative variables.

7-4 (a) This is stated properly. (b) This is notetiproperly, since only one variable “monthly ineris
involved. (c) A box plot (or a stem-and-leaf diaplor a histogram, etc.) of the monthly incomesihdg
be appropriate.

7-5 (a) This is not stated properly, since “white aplivorker” and “blue collar worker” are categoriast
variables. (b) This is stated properly. (c) Tikigot stated properly, since type of job and afea
residence are not commensurate. (d) This is spatgzerly. (e) A stacked bar chart would be
appropriate to display the relationship between dwalitative variables.

7-6 (a) This is stated properly. (b) This is stateaperly. (c) This is stated properly. (d) Thisw stated
properly, since time spent listening to the radid gearly income are not commensurate. (e) This i$
stated properly. (f) This is not stated propeslpce time spent watching television and yearlpime
are not commensurate. (g) For (i), (iii), and (&)scatter plot would be appropriate; for (ii)ptiguous
box plots (or stem-and-leaf displays, or histograas.) would be appropriate.

=
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Summary

Making acomparison generally implies that different observationste same numerical value(s) or
commensurate numerical values (i.e., values medsur¢he same scale) are being compared. Desgmbin
relationship implies describing how changes in waéable are influenced by changes in a secondlviayi
Depending on the situation, making a comparison imaylve only one variable or more than one vagabl
however, describing a relationship must always Ivergat least) two variables. The distinction betw
making a comparison and describing a relationghipt always sharp. Describing a relationship can
sometimes be done by making comparisons, but makingparisons does not always imply that a relakigns
is being described. If we are making comparisansder to describe how changes in one variable are
influenced by changes in a second variable, theareeeally describing the relationship between yawables.
On the other hand, if we are making comparisonsdbanot involve how the values of one variablduefce a
second variable, then we are not describing aioeksttip.

The relationship between a qualitative variablé amuantitative variable can be visually displayed
with contiguous box plots, contiguous stem-and-tBsiplays, contiguous histograms, etc.; this retethip is
defined by how the distribution of the quantitatixagiable is different for each category of thelgatve
variable. Data observed on two qualitative vagaldan be organized int@antingency table, and astacked
bar chart can be used to display visually the relationsigfwieen the two qualitative variables; this relagiup
is defined by how the distribution of categoriesdae qualitative variable changes across the catgof the
other qualitative variable. Acatter plot can be used to display visually the relationsigpween two
quantitative variables; this relationship is defif® how changes in the value of one variablerEteenced by
changes in the value of the other variable. If faomore) quantitative variables are commensuthés their
distributions can be compared with contiguous botspcontiguous stem-and-leaf displays, contiguous
histograms, etc.; however, these graphical disglaggide no information about a possible relatigpsh
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SURVEY DATA Summariesfor Data Set 1-1

Table 7-1
Contingency Table for "Residence" and
"Political Party"” in the SURVEY DATA

Political Party
Residence Republican Democrat  Independent Ofher
Rural 2 1 3 4 10
Suburban 4 1 1 4 10
Urban 4 6 0 0 10
10 8 4 8 30
Figure 7-1a
Stacked Bar Chart for “Political Party"” in the
SURVEY DATA
U
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8
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Urban 0 I | | |
Suburban Republican Democrat Independent  Other
Rural Political Party
Figure 7-1b
Stacked Bar Chart for “Residence” in the
SURVEY DATA
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