Unit 8
Describing Relationshipsin Contingency Tables

Objectives:
* To construct and interpret a contingency tabldvar qualitative variables
» To recognize independence or describe an assatlatiween two qualitative variables

We have already seen that data involving two tatale variables can be displayed in a contingency
table. Table 7-1 is a contingency table displaylata from the variables “Residence” and “Politealty” in
the SURVEY DATA, displayed as Data Set 1-1 at the ef Unit 1. The stacked bar charts displayed in
Figures 7-1a and 7-1b provide

us with a visual display of the Table 8-1a

relationship between the two . . "

qualitative variables. Contingency Table for "Residence and "Political Party"
Recall that to describe Political Party

the relationship between two

qualitative variables, we focus Residence Republican Democrat Independent Other

on how t_he plistribu_tion for Rural 75 50 34 40 200

one qualitative variable

compares across the categori Suburban 114 75 31 60 300

of the other qualitative

variable. A stacked bar chart Urban 190 125 8 100 300

can be very a very helpful 380 250 170 200 1000

visual display in describing

the relationship between two qualitative variablewever, a stacked bar chart is generally e&sigtterpret

when all the bars are the same height. In padicéligure 7-1b is easier to work with than Figi+éa.
Simply put, if there is Table 8-1b

no relationship between two . . .)s
qualitative variables, then we Contingency Table for "Residence"” and "Political Party"”

VV'OU|'d e)'(peCt that the o Political Party

distribution for one qualitative

variable looks the same for Residence Republican  Democrat  Independent Other

each of the categories of the Rural|  38% 25% 17% 20% 100%
other qualitative variable. For

instance, if there were no Suburban 38% 25% 17% 20% 100%
relationship between the two Urb ) S N S .
gualitative variables residence roan 38% 25% 17% 20% 100%

(rural, suburban, urban) and
political party (Republican, Democrat, Independ@ther), then we would expect the rural, suburbad,
urban areas to all have about the same proporti®epublicans, about the same proportion of Demsgcra
about the same proportion of Independents, andtdbesame proportion of Others. Consequentiywaeld
expect that each bar in a stacked bar chart tolikeleach of the other bars; that is, the divisibstacks for
one bar would be identical to the division of st each of the other bars. When two varialdhesvsno
relationship, we say that the variables iadependent.

To illustrate, we shall imagine that a contingetatyle displaying the variables residence andipalit
party is to be constructed from 1000 voters. TaBlda and 8-1b represent two possible resultingjragency
tables. In Table 8-1a, find the percentage of Rkpans in the rural area, the percentage of Deatsan the
rural area, the percentage of Independents inutfa area, and the percentage of Others in théaga. You
should find these percentages respectively to E006= 38%, 50/200 = 25%, 34/200 = 17%, and 40£00
20%. These percentages have been displayed rowhiabeled “Rural” of Table 8-1b. Now, find the
percentage of Republicans in the suburban arepetttentage of Democrats in the suburban area, the
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percentage of Independents in the suburban arddaharmpercentage of Others in the suburban area. skould
find these percentages respectively to be 114/388%, 75/300 = 25%, 51/300 = 17%, and 60/300 = 20%.
Notice that these are exactly the same as themages we found for the rural area! These pergesthave
been displayed in the row labeled “Suburban” ofl&dblb. We now leave it to you to find the petages of
each political party for the urban area and vetifst these are the same as those in the ruraludmualzan areas,
and these percentages have been displayed inwhlalveled “Urban” of Table 8-1b.

In order to emphasize the fact that Table 8-1pldis the distribution of political party affiliatns for
each of the three areas of residence, each roligataown to be 100%. Since it is difficult to kea
comparisons when the heights of the bars in a sthblr chart are not equal, we prefer to constrstacked
bar chart from Table 8-1b rather than from Tabla8-Figure 8-1 displays Table 8-1b as a stackedzat
with the bars representing the different areagsidence and the stacks representing the diffeaditical party
affiliations. Since each bar in Figure 8-1 hasnmbsealed to the same length representing 100%sualvi
comparison of the distribution of political partffilzations for each area of residence is easy.

The fact that each bar in Figure 8-1 looks likeheaf the other bars is what tells us that residexr
political party affiliation are independent, orather words that the distribution of political paaffiliations is
the same for each area of residence. The illistrgrovided by Table 8-1a, Table 8-1b, and Fidie is
somewhat unrealistic, because the percentage ponémg to any one of the four political party Bdtions is
exactlythe same for all three areas of residence. Whergtialitative variables are independent, verylyaié
ever) do we find in real data that the distributionone qualitative variable is exactly identifad each of the
categories of the other qualitative variable. Rizah would show some small differences between the
distributions resulting from random variation. Tdituation is analogous to flipping a perfectlydraded fair
coin 100 times; we expect to see close to 50 haad$0 tails but are not surprised if we don’t eeactly 50
heads and 50 tails, since we expect there to be sandom variation.

With real data then, we are
looking to see if the distribution for one
gualitative variable is similar for each o
the categories of the other qualitative
variable. Of course, this leaves us
wondering just how much of a
difference we have to see in the
distributions in order for us to conclude
that there is a relationship between the
two qualitative variables. We are not

Figure 8-1
Stacked Bar Chart for Table 8-1b
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ti 30% — —
yet prepared to discuss exactly how to Political 20% || .

make this decision, but we shall be in g £ ¥ 0% | |
future unit. For now, we shall simply Other 0%
use our best judgment in looking ata | ygependent Rural Suburban Urban
stacked bar chart to decide whether or Democrat Area of Residence
not we think two qualitative variables
are related or independent. Republican
When we constructed Table
8-1b and the corresponding stacked bar chart afr&i§-1, we chose to compare the distribution difipal
party affiliations for each area of residence. Idoer, we could have chosen instead to compareshédtion
of areas of residence for each political partyliatfon. Had we done this, we would have found tha
distribution of areas of residence is the sameé&uh political party affiliation, and that each bathe
corresponding stacked bar chart would look idehtwaach of the other bars, since the two varghble
independent. To see that this is true, we inwite i find the percentage of rural voters amonguRégans, the
percentage of rural voters among Democrats, theeptage of rural voters among Independents, and the
percentage of rural voters among Others. You shidl these percentages respectively to be 763800,
50/250 = 20%, 34/170 = 20%, and 40/200 = 20%, detnating that the percentage of rural voters isstirae
for all political party affiliations. We leavetiv you to verify that the percentage of suburbaensis the same
for all political party affiliations and that thegentage of urban voters is the same for allipaliparty
affiliations. (If we were to construct a tabledmmpare the distribution of areas of residence&mh political

Relative Frequency
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party affiliation with row and column headings #ame as those in Tables 8-1a and 8-1b, then eaghrto
total would be shown to be 100%.)

Let us now consider the contingency table disgleg® Table 8-2a. Find the percentage of Repuldican
in the rural area, the percentage of Democratsdmural area, the percentage of Independentgirutial area,
and the percentage of Others in the rural areas stould find these percentages respectively tt2iég200 =
60.5%, 25/200 = 12.5%, 24/200 = 12%, and 30/208%.1These percentages have been displayed iowhe r
labeled “Rural” of Table 8-2b. Now, find the pentage of Republicans in the suburban area, theptge of
Democrats in the suburban area, the percentagelepéndents in the suburban area, and the pereeritag
Others in the suburban area. You should find tpeseentages respectively to be 149/300 = 49.798080=
16.7%, 46/300 = 15.3%, and 55/300 = 18.3%. Ndhet¢these are quite different from the percentages
found for the rural area! These percentages haga Hisplayed in the row labeled “Suburban” of E®Rb.

We now leave it to you to find the percentagesamhepolitical party for the urban area and veltifgttthese are
the percentages displayed in the row labeled “Urb&itable 8-2b, which are all different from the
corresponding percentages in the rural and subateas.

As in Table 8-1b, we
emphasize the fact that Table
8-2b displays the distribution

Table 8-2a
Contingency Table for "Residence and "Political Party"

of political party affiliations Political Party

for each of the three areas of

residence by Showing each Residence Republican Democrat  Independent Other
row_tota_l to b_e_lOQ%. Once Rural 121 25 24 30 200
again, since it is difficult to

make comparisons when the Suburban 149 50 46 55 300
heights of the bars in a stacke

bar chart are not equal, we Urban 110 175 100 115 500

prefer to construct a stacked 380 250 170 200
bar chart from Table 8-2b
rather than from Table 8-2a. Figure 8-2b displegble 8-2b as a stacked bar chart with the bargsepting
the different areas of residence and the stackssepting the different political party affiliatisn Once again
since each bar in Figure 8-2 has been scaled teatne length representing 100%, a visual compaattre
distribution of political party

1000

affiliations for each area of Table 8-2b
residence is easy. . . ..

The fact that each bar |(Contingency Table for " Residence"” and "Political Party"
in Figure 8-2 looks different Political Party
from other bars is what tells
us that residence and political Residence Republican  Democrat  Independent Other
party affiliation are apparently Rural|  60.5% 12.5% 12.0% 15.0% | 100%
not independent, or in other
words that the distribution of Suburban 46.7% 16.7% 15.3% 18.3% 100%
political party affiliations does Urb J N N S .
not appear to be the same for roan 22.0% 35.0% 20.0% 23.0% 100%

each area of residence. Wher
two variables show a relationship, we can sayttievariables arassociated or dependent.

To describe this apparent relationship (or assioci®r dependency), we can describe the differeinte
the distribution of political party affiliations ang the areas of residence. Figure 8-2 makeg#sg by
providing a picture of how the distributions difféWe can describe this apparent relationship pingahat the
proportion of Republicans appears to be highestarrural area and lowest in the urban area. Whlaiso
say that the proportion of Democrats, the proportibindependents, and the proportion of Otherb eppear
to be highest in the urban area.

As we have said before, before, we may wonderjost much of a difference we have to see in the
distributions in order for us to conclude that thizra relationship between the two qualitativéaldes. When
we look at Figure 8-2, some of the differencesropprtions might look rather large, but how canheedecide
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when a difference is large enough to concludedhatationship exists? As we noted earlier, wenateyet
prepared to discuss exactly how to make this dagidiut we shall be in a future unit, and untilthere simply
use our best judgment in deciding whether or metationship appears to exist.
8-2b an\évrheencvgfrgggsggiﬂg itgitéed ba Figure 8-2
chart of Figure 8-2 from Table 8-2b, we Stacked Bar Chart for Table 8-2b
L 100%
chose to compare the distribution of 00%
political party affiliations for each area 00 |
of residence. However, we could have 20% B
chosen instead to compare the 60% B
distribution of areas of residence for so% L B
each political party affiliation. Had we 10% | N
done this, we would have found that

Relative Frequency

: ti 30% |— ]
each bar looks different from each of th - 2/#cc 20% || L
other bars, since the two variables are |£a/ty 10% || ||
associated. Our description of the Other 0%
relationship in this case would be in | 1 gependent Rural Suburban Urban
terms of the proportion rural voters, the Democrat Area of Residence

proportion of suburban voters, and the
proportion of urban voters among each| Republican
political party affiliation instead of the
proportion of Republicans, the proportion of Denatsythe proportion of Independents, and the ptapoof
Others among each area of residence. For instergceyvite you to find the percentage of rural vetemong
Republicans, the percentage of rural voters amagdarats, the percentage of rural voters amongrthad
the percentage of rural voters among Independefus. should find these percentages respectiveheto
121/380 = 31.8%, 25/250 = 10%, 24/170 = 14.1%,301d00 = 15%. We see that the percentage of rural
voters looks to be quite different among the paditiparty affiliations. One comment we might make
describing the apparent relationship between rasi&gland political party is that the proportion wfad voters
appears to be highest among Republicans and lanestg Democrats. We leave it to you to compare the
percentage of suburban voters among the polit@dy @ffiliations and to compare the percentagerbén
voters among the political party affiliations. W& were to construct a table to compare the Higion of areas
of residence for each political party affiliationtvrow and column headings the same as thosehile3&-2a
and 8-2b, then each column total would be showret®00%.)

When constructing a stacked bar chart, it is denaf personal choice as to which qualitative atle
is represented by the bars and which categoricahbla is represented by the stacks. This mayidiatdd by
the way in which the data is collected or the wawhich it seems more “natural” to look at the data

Contingency Table for Self-Test Problem 8-1

Favorite Channel
Residence Cartoon Comedy SciFi Westem
Rural 28 7 17 53
Suburban 22 34 36 16
Urban 19 31 60 27
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Self-Test Problem 8-1. A satellite television company gathers data foustomers concerning area of
residence and choice of favorite entertainment wblamesults are displayed in the contingency téibésd
“Contingency Table for Self-Test Problem 8-1".

(&) Add the row totals, the column totals, #melgrand total to the contingency table title@fi@ngency

Table for Self-Test Problem 8-1".

(b)
(c)
(d)
(e)

(f)
(9

(h)

() possible relationship between chamqmeference among rural, suburban, and urban reasiden
(i) possible differences in channel prefese among rural, suburban, and urban residents,
(iii) possible difference between area aidence and channel preference,
(iv) possible relationship between areaesidence and channel preference.

(i)

()

(k)
()

(m) Could either of the two variables in tata be treated as qualitative-ordinal?
(n) Construct a pie chart displaying the ieéafrequencies for choice of favorite channel.eBthis pie

What proportion of customers selected3bience Fiction Channel as their favorite?

What proportion of customers did not seteke Comedy Channel as their favorite?

What proportion of rural customers selddtee Western Channel as their favorite?

What proportion of customers are fromghburban area among those who selected the Cartoon
Channel as their favorite?

What proportion of urban customers chasieee the Cartoon or Comedy Channel as their fa®®ri
What proportion of customers are fromaitthe suburban or urban area among those whdesgtlec
Science Fiction Channel as their favorite?

Identify which of the following are notaséd properly, and indicate why. The data arestaded to
study the

Choose which of the following is the appriate graphical display for the data with the gndy stated
goal(s) in part (h):

multiple box plots a scatter plot  a stackeddbeart a histogram.
Complete the two tables titled “Relativeeguencies for Self-Test Problem 8-1"; note tha @rbased
on relative frequencies for channel preference ansach of the three areas of residence, and tlee o
one is based on relative frequencies for the tareas of residence among each of the channel
preferences?
For each of the tables completed in garconstruct a stacked bar chart (with each balescto a
height representing 100%) to display the relatregdiencies.
For each of the stacked bar charts contrlin part (k), discuss whether or not a relatidm between
area of residence and favorite channel appeardgband how this possible relationship might be
described.

th

chart provide the same information as a stacked Hent?

Relative Frequencies for Self Test Problem 8-1

Favorite Channel
Residence Carfoon Comedy Seif Fi Westem
Rural 100%
Suburban 100%
Urban 100%
Faverite Channel
Residence Cartoon Comexly Sci Fi Westem
Rural
Suburban
Urban
100% 100% 100% 100%
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Answersto Self-Test Problems

8-1 (a) The respective row totals are 105, 138, anq ttie respective column totals are 69, 92, 118, an
126; the grand total is 400. (b) 113/400 = 28.268308/400 = 77% (d) 53/105 = 50.5%
(e) 22/69 = 31.9% (f) 70/157 = 44.6% (g) 96/1185:0% (h) The goal is stated properly in (ii) and
(iv); the goal is not stated properly in (i), simceal, suburban, and urban are categories, nablas;
the goal is not stated properly in (iii), sinceaaod residence and channel preference are not
commensurate variables. (i) a stacked bar chpiithé respective entries for the “Rural” row are
26.7%, 6.7%, 16.2%, and 50.5%; the respectiveemntar the “Suburban” row are 15.9%, 24.6%,
26.1%, and 33.3%; the respective entries for thdvad” row are 12.1%, 32.5%, 38.2%, and 17.2%.
The respective entries for the “Cartoon” column40e6%, 31.9%, and 27.5%; the respective entries fo
the “Comedy” column are 7.6%, 37.0%, and 55.4%ydspective entries for the “Sci Fi” column are
15.0%, 31.9%, and 53.1%; the respective entrieghofWestern” column are 42.1%, 36.5%, and
21.4%. (k) See the stacked bar charts displayleavbg(l) Since the bars do not appear to be siniila
one another in each stacked bar chart, it is reddeno think that a relationship might exist. farone
stacked bar chart, the rural area appears to haveighest percentage of customers who favor the
Cartoon Channel and the highest percentage ofmessowho favor the Western Channel, while the
urban and suburban areas each appear to haveea piyicentage of customers who favor the Scienge
Fiction Channel and a higher percentage of custombo favor the Comedy Channel. From the other
stacked bar chart, the percentage of rural cuswagmears to be highest among customers who fayor
the Cartoon Channel and among customers who faedMestern Channel, while the percentage of
urban customers appears to be highest among custevhe favor the Comedy Channel and among
customers who favor the Science Fiction Chanral). Ravorite channel is qualitative-nominal; butsare
of residence could be treated as qualitative-otdsiace the categories have a natural orderiny.Sée
the pie chart displayed below; a pie chart onlyjutes information about one qualitative variable,
while a stacked bar chart provides information alto qualitative variables.

Stacked Bar Chart for "'FavoriteC hanrel" Stacked Bar Chart for "Residence" Pie Chart for "Favorite Channel”
100¢% 1000 —

an% 0%

0% 50% —

70 0% Favorite Channsl

GO Favame Channe! B0% — - E Conmedy

0% Reskience 2
0% B Catoon 0% H Sk
a0% Bl comedy ] W ban o
o 0% D Suburan

30% O sdFi . O] e

20% l:‘ Western 10% - i

10% 0% | y | y

% T T T Comedy ‘Western

Rural  Suburban  Uan Cartoon ScFi
Ares of Resifence Favarke Chanhel

Summary

To describe the relationship between two qualiéatiariables, we look at how the distribution foeo
gualitative variable compares across the categofitdge other qualitative variable. A stacked tlaart an be
very a very helpful visual display in describing ttelationship between two qualitative variablesyéver, a
stacked bar chart is generally easier to intenphetn all the bars have been scaled to a heightsepting
100%. When constructing a stacked bar chart atrisatter of personal choice as to which qualitatiariable is
represented by the bars and which categoricalhlaria represented by the stacks. This may batdittoy the
way in which the data is collected or the way irichihit seems more “natural” to look at the data.

When two variables show no relationship, we say tifie variables ai@dependent. When two
gualitative variables are independent, the distidioufor one qualitative variable is the same facle of the
categories of the other qualitative variable; eaahin a stacked bar chart will look like eachla# bther bars.
When two variables show a relationship, we saytti@ariables arassociated or dependent. When two
gualitative variables are associated, the distidbuior one qualitative variable is not the samedfach of the
categories of the other qualitative variable; asteone bar in a stacked bar chart will look défdérfrom other
bars.
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