Unit 9
Describing Relationshipsin Scatter Plots and
Line Graphs

Objectives:

* To construct and interpret a scatter plot or liregpd for two quantitative variables

* To recognize linear relationships, non-linear ref&hips, or independence between two quantitative
variables

» To decide whether a linear relationship is negativpositive and whether the linear relationship
appears strong or weak

» To construct and interpret a line graph for displgychanges over time of a quantitative variable

» To describe changes over time of a quantitativeatsbe with an index number

We have considered how a stacked bar chart dspegyrelationship between two qualitative variaple
we now want to consider how a scatter plot dispthgsrelationship between two quantitative variabld we
think of one variable as being predicted from aanth is customary to label the vertical axis wiitle variable
being predicted and label the horizontal axis i variable from which predictions are made; otlise,
which axis is labeled with which variable is jushatter of personal preference. Recall that FiguBds a
scatter plot for the variables "Weekly TV Hoursidiweekly Radio Hours". Since we did not choosthtok
of one variable as being predicted from the ottiner choice of which variable to label on which axes
arbitrary. When we looked at this scatter plovpesly, we described the relationship by sayirag theekly
TV hours appears to decrease as weekly radio lmeneases.

When a relationship exists between two quantiatiariables, one of our first goals is to decidetlbr
the relationship isinear or nonlinear. Roughly speaking, a linear relationship is $aidxist between two
guantitative variables when a straight line onapgrcan be used with at least some reasonableedefyre
accuracy to predict the values of one quantitataréable from the values of the other quantitatiseable. A
nonlinear relationship is said to exist between ¢wantitative variables when a curve can be usedadict the
values of one quantitative variable from the valokthe other quantitative variable with considéyahore
accuracy than a straight line. To illustrate saihthe many different aspects of a relationshipveen two
guantitative variables, we shall consider Figurds90 9-1j.

Figures 9-1a and 9-1b are each a scatter plstrititing a perfect linear relationship between two
guantitative variables. In both figures, the dadants all lie exactly on a straight line; thatwse can predict
perfectly the value of one variable from the othier Figure 9-1a, we observe that as one variatdeeases in
value, the other variable increases in value; gufé 9-1b, we observe that as one variable incsaasalue,
the other variable decreases in value. When twiablas tend to increase together, we say theblagadhave a
positive relationship; when one variable tends to decraasmother variable increases, we say the variables
have anegative relationship. Consequently, Figure 9-1a has tedegled as illustrating a perfect positive linear
relationship, and Figure 9-1b has been labeletiustrating a perfect negative linear relationshigery rarely,
if ever, do we observe in real data a relationstipre one variable can perfectly be predicted fammther.
With real data, some component of random varidaiways present.

Figures 9-1c and 9-1d illustrate scatter plota tfpe more likely to be observed with real datanth
scatter plots of the type in Figures 9-1a and 94hl-igures 9-1c and 9-1d, the data points liatiely close
to, but not exactly on, a straight line. We sest tine variable cannot be predicted perfectly ftoenother
variable, but it does look as if one variable carpledicted from the other with a relatively stralegree of
accuracy. In Figure 9-1c, we observe that as anale increases in value, the other variablegdéodncrease
in value; in Figure 9-1d, we observe that as om@&bke increases in value, the other variable t¢adiecrease
in value. Consequently, Figure 9-1c has beendabas$ illustrating a strong, positive, linear rielaship, and
Figure 9-1d has been labeled as illustrating axgtroegative, linear relationship.
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In Figures 9-1e and 9-1f, we find that the datiafscseem widely scattered around a straight line.
both scatter plots, it looks as if one variable barpredicted from the other with some degree ofiacy, but
not with as much accuracy as in the case of Figgwbsand 9-1d. In Figure 9-1e, we observe thainas
variable increases in value, the other variabldgsea increase in value; in Figure 9-1f, we obsdinat as one
variable increases in value, the other variablddd¢n decrease in value. Consequently, Figurel®a$deen
labeled as illustrating a weak, positive, linedatienship, and Figure 9-1f has been labeled astithting a
weak, negative, linear relationship.

The scatter plots of Figures 9-1g and 9-1h ilatstdata where as one variable increases therendbes
seem to be any discernable change in the behavibe @ther variable. In Figure 9-1¢, it appehi @s the
variable on the horizontal scale changes, the bigrian the vertical scale seems to vary randomikiwia
relatively small range without tending to increaselecrease significantly. In Figure 9-1h, it agmsethat as the
variable on the horizontal scale changes, the bigrian the vertical scale seems to vary randomikiwia
relatively large range without tending to increaséecrease significantly. In both scatter plats find no
evidence that the value of one variable is sigaiftty influenced by changes in the value of theptfariable;
in other words, there appears to be no relationséigeen the two variables in each of these sqaltiés.

We have previously stated that when two variablesv no relationship, we say that the variables are
independent. We have already seen that when two qualitatareables are independent, the distribution for one
qualitative variable is the same for each of thtegaries of the other qualitative variable; thia e#éso be said
for two quantitative variables or for one qualitativariable and one quantitative variable. Conestiy, we
can say that Figures 9-1g and 9-1h are scattes jfllagtrating independence between two quantitatiariables.

In Figures 9-1a to 9-1h, we have seen scattes plostrating linear relationships of varying degs of
strength as well as scatter plots illustrating petalence. Figures 9-1i and 9-1j are scatter plbish illustrate



nonlinear relationships. The scatter plot of FgBrli illustrates a situation where as one vagiaitreases in
value, the other variable tends to decrease; #nsatso be said about Figure 9-1d, but the relshipnwe see in
Figure 9-1d can be described with a straight kviegreas the relationship we see in Figure 9-letseb
described by a curve than by a straight line. €quently, we can call the relationship we see guifd 9-1d
linear, but we would have to call the relationshipsee in Figure 9-1i nonlinear. Linear relatiopstare of
only two types: positive and negative. Howevernyndifferent types of nonlinear relationships aosgible,
but there is no easy way to classify all of tharigure 9-1j illustrates a nonlinear relationshipiethis quite
different from the nonlinear relationship illusedtby Figure 9-1i. In Figure 9-1j, we see thath&svariable on
the horizontal axis increases in value, the otlagiable will sometimes tend to increase and soneitand to
decrease.

The scatter plot of Figure 7-3 seems to suggesttiere is a roughly negative linear relationship
between weekly TV hours and weekly radio hours kil decisions about whether or not the relatiomsve
see in any graphical display should be considegrdficant is a subject we shall address in a fiumit. We
are not yet prepared to discuss exactly how to rtakelecision; for now, we simply use our besgimént in
deciding whether or not a relationship appearsist.e

Self-Test Problem 9-1. For each pair of quantitative variables, descttiteetype of scatter plot likely to be
observed if data were taken.
(@) For each of several school children irdggal through 6, the variable "height" is measimédches,
and the variable "spelling ability" is measuredasore from 0 to 100 on a particular spelling. test
(b) For each of several undergraduate coktgdents, the variable "height" is measured ineschnd the
variable "spelling ability" is measured as a sdaven O to 100 on a particular spelling test.
(c) For each of several adults, the variabiaé to go through a particular maze" is measunadinutes,
and the variable "practice time" is measured inrfoanging from 0 to 10.
(d) For each of several adults, the variabiaée' to go through a particular maze" is measunadinutes,
and the variable "practice time" is measured inrboanging from 0 to 90.
(e) Each day at 3:00 pm in a certain city \thBable "temperature” is measured in degreesdrsieit, and
the variable "temperature" is measured in degresgigtade; this is done for several days.

One noteworthy situation when
describing and displaying the relationshi Table 9-1
between two quantitative variables is Prices and Quantities Sold for
when one of the two quantitative .
variables is time. The study of how one an Econo Color Printer

or more variables change with time : 14 : :
occurs often. The data of Table 9-1 Price Millions Price  Quantity

provide an illustration. Year (%) Sold Index Index

The three leftmost columns of 2007 1400 0 50 100 0 100 0
Table 9-1 contain (imaginary) prices anc i : i
guantities sold for an Econo color printe| | 2008 1000 075 71 4 150.0
over a five-year period. Let us consider
how we might graphically display this 2009 500 1.20 357 240.0
data. If we wanted to focus a possible
relationship between price and quantity 2010 300 1.50 214 300.0
sold, a scatter plot would be appropriate| | 2011 200 230 143 4600

since the variable "price"” and the variab
"gquantity" are each quantitative.
Complete the scatter plot in Figure 9-2 and undeimthe scatter plot describe the type of relatignsf any,
that appears to exist between price and quantity;rgay choose either variable for the horizontéd ard the
other variable for the vertical axis, but be suréabel each axis completely. (You should seegatiee
relationship which looks nonlinear.)

Suppose we wanted to focus on how the prices ehavgy time. We might consider a scatter plot to
display how the prices have changed over timegdine variable "time" and the variable "price" aaeh

58




guantitative; also, it is natural to think of pretitig how price might change over time, which iraplive should
put time on the horizontal axis. In order to hékualize how time influences price, we could casine
consecutive points over time on the scatter plth Wimne segments. In general, whenever we wadisiolay
how a quantitative variable changes over time, isr@dways scaled on the horizontal axis, and witly one
measurement for each time period, we can sequigrit@inect the points on a scatter plot to credirea
graph. The line graph is popular as a visual displaydaoe how the value of a variable changes thraugg.
Figure 9-3 is a line graph displaying the changer dime in the prices of Table 9-1, and Figurei9-4 line
graph displaying the change over time in the qtyaofiprinters sold of Table 9-1.

Often when studying how Figure 9-2
a variable changes over time, the |Scatter Plot for Prices (%) and Quantities Sold for the Econo Color Printer
percentage of change is of interes
In the past, we have used
percentage as a way to express
relative frequency (i.e., percentage
found from the ratio of a raw
frequency to a total frequency). A
percentage representing a relative
frequency must always be betwee
0% and 100%, but a percentage
representing change over time ma
exceed 100%. Aercentage
representing change is the ratio of
one value of a quantitative variable
to another value of the same
variable at a different time.

Let us return to the prices
of Table 9-1. We see that the pric
for the printer in 2010 is $300 and
that the price for the printer in 2011 is $200nc®i 200/300 = 2/3 = 66.7%, one way to look atth&snge is to
say that the 2011 price is two thirds of the 2060 or using a percentage, we would say tha2@id price is
66.7% of the 2010 price.
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Looking at the quantities of printers sold Tablg, 9ve see that the quantity sold in 2010 is 1.80am
and that the quantity sold in 2011 is 2.30 millidgince 2.30/1.50 = 1.535 = 153.3%, one way to ktakis
change is to say that the 2011 quantity is 153.882010 quantity.

A percentage representing change is calledidax number; the time period corresponding to the
denominator of the ratio is called thase time period. Since it is understood that an index number is a
percentage, often the percent sign (%) is not degliu For instance, we could say that the pricexmdimber
for 2011 with 2010 as the base year is 66.7; wédcalso say that the quantity index number for 2@itih
2010 as the base year is 153.3.
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When an index number is smaller than 100, therhla@ge is a decrease; when an index number is
greater than 100, then the change is a increabeoutse, the index number 100 implies no changdl.atSince
the 2011 price index with 2010 as the base ye@8.i8, the price decreased from 2010 to 2011. She@011
guantity index with 2010 as the base year is 138e8guantity increased from 2010 to 2011. Thegaage of
an increase or a decrease is the ratio of the anadehange to the value in the base time perleat. instance,
the price decreased by $100 from 2010 to 2011 other words, we would say that the price decbhge
100/300 = 0.333 = 33.3% from 2010 to 2011; not¢ e percent of decrease is the amount that thexin
number 66.7 is below 100. Similarly, the quanititgreased by 0.8 million from 2010 to 2011, or they
words, we would say that the quantity increase.B§1.50 = 0.533 = 53.3% from 2010 to 2011; not¢ the
percent of increase is the amount that the indexteu 153.3 is above 100.

By selecting one Table 9-2
;gﬁglgkajs‘?;rt]m;gn erate| Prices and Quantities Sold for Three Alloys Labeled A, B, and C
a sequence of index Alloy A Alloy B Alloy C
numbers for future time Price  Millions of] Price Millions of] Price  Millions of

periods, which allows us| Year | per Ton Tons Sold| per Ton Tons Sold| per Ton Tons Sold

to observe how a

timerelatvetoa 12008 | $11.10 6.0 $5.53 30 |$7.75 3.0
common standard; this

is useful when we want || 2009 $12.00 6.0 $5.60 31 $&.10 31

to compare changes over
time for more than one quantitative variable noasuged on the same scales. In Table 9-1, find paoh
index with 2007 as the base year, and find eachtiiuandex with 2007 as the base year. Checkybat
results are exactly as those displayed in the tgfamost columns of Table 9-1.

Self-Test Problem 9-2. Use the prices and quantities sold for the cptinter of Table 9-1 to
(@) find and interpret the price index numtmer2011, with 2009 as the base year.
(b) find and interpret the quantity index nuenbor 2011, with 2009 as the base year.

Self-Test Problem 9-3. Table 9-2 contains the prices and quantities fwlthree different alloys over a perio
of three years.

(@) With alloy C, find and interpret the pricglex number for 2009, with 2007 as the base year.

(b) With alloy B, find and interpret the quigyyindex number for 2009, with 2008 as the basa ye
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Answersto Self-Test Problems

9-1 (a) Since the older children in the higher graatesmore likely to be better at spelling and ase ahore
likely to be taller, then we would expect to obseavscatter plot similar to that of either Figuricor
Figure 9-1e. (b) Since we believe there is naiaiahip between a college student's spelling tatbili
and height, then we would expect to observe aesqalibt similar to that of either Figure 9-1g ogtie
9-1h. (c) Since itis likely that the time to dgodugh the maze will decrease as practice timeasss,
then we would expect to observe a scatter plotiairto that of either Figure 9-1d or Figure 9-1f.
(d) Although it is likely that the time to go thrgln the maze will decrease as practice time incegase
there will be for each person a point at which numaectice will not decrease the time to go throtigh
maze; as a result, we would expect to observettesgdot exhibiting decreasing curve which leveffs
at some point. (e) Since degrees Fahrenheit agreéele Centigrade are just different units of
measurement for exactly the same quantity, we wexebct to observe a scatterplot similar to that @
Figure 9-1a.

9-2 (a) The 2011 price is 40.0% of the 2009 pricentirer words, the price decreased by 60.0% from 2009
to 2011. (b) The 2011 quantity is 191.7% of th@2Quantity; in other words, the quantity increased
by 91.7% from 2009 to 2011.

9-3 (a) The 2009 price for alloy C is 107.3% of th@®2@rice; in other words, the price for alloy C
increased by 7.3% from 2007 to 2009. (b) The 2@ntity for alloy B is 103.3% of the 2008
guantity; in other words, the quantity for alloyirgreased by 3.3% from 2008 to 2009.

="

Summary

A scatter plot is a natural way to display visydlie relationship between two quantitative vaealdnd
is constructed by first labeling a horizontal axith possible values of one quantitative variahbid Ebeling a
vertical axis with possible values of the othermitative variable. Dots are then used to represach pair of
observations. If we think of one variable as benedicted from the other, then it is customariatzel the
vertical axis with the variable being predictedd am label the horizontal axis with the variablenfrwhich
predictions are made; otherwise, which axis islebwith which variable is just a matter of perdona
preference.

A linear relationship is said to exist when a straight timea graph can be used with at least some
reasonable degree of accuracy to predict the valuase quantitative variable from another quatitiea
variable. Anonlinear relationship is said to exist when a curve cangdsd with considerably more accuracy
than a straight line to predict the values of onangitative variable from another quantitative sble. When
two variables tend to increase together, we saydhables have positive relationship; when one variable
tends to decrease as another variable increasesyibe variables havenagative relationship.

When considering the changes in a quantitativebber over time, we can sequentially connect the
points on a scatter plot to creatire graph, with time always scaled on the horizontal axAspercentage
representing change is the ratio of one value of a quantitative vaeaio another value of the same variable at a
different time; such a percentage is calledraex number; the time period corresponding to the denomingtor
called thebasetime period. Since it is understood that an index numbergeraentage, we often omit the
percent sign (%), and the percentage of increadeaease can be determined by how much the ingaber
lies above or below 100.
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