Unit 10
Using Correlation to Describe a Linear
Relationship

Objectives:
* To obtain and interpret the Pearson Produce Moowmnélation between two quantitative variables
» Tointerpret the Pearson Produce Moment correla@toa measure of the strength of the linear
relationship between two quantitative variables

We have previously considered the scatter ploEgires 9-1a to 9-1j to illustrate different typds
relationships which can exist between two quamigatariables. Recall that an initial goal whendsting a
possible relationship between two variables isetcide whether the relationship is linear or nordimeThe
scatter plots of Figures 9-1a to 9-1f show linedationships of varying degrees of strength, wthikescatter
plots of Figures 9-1g and 9-1h each show no réatioaship, and the scatter plots of Figures 9aH 8-1j each
show a nonlinear relationship. There are stasistechniques for deciding whether or not a retegfop is
linear, but since we are not yet in a positionge any of these techniques, we shall use our bdgirjent to
make these decisions after looking at a scatter plo

We are going to focus primarily on linear relaghips between two quantitative variables; we shall
often refer to one variable Xsand the other a6 Recall that we represent a listrobbservations of a variable
XbyX;, %, ..., X, . Similarly, we represent a list nfpairs of observations of the variabkandY by

(X1, Y1) (X2, ¥2) - (Xa s Yn)

Such data is callebivariate data. One example of bivariate data would be the oladiems on the two
variables “age” and “yearly income” in the SURVEYADA, displayed as Data Set 1-1 at the end of Unit 1

One measure of dispersion for a quantitative égjavhich we have defined previously, is the
variance. The variance, denotedsﬁywas defined to be the sum of the squared dewsfimm the mean
divided by one less than the number of observatiétecall that the deviations from the mean forXhe
observations are

X1— X, %=X, ..., X— X,

and that the deviations from the mean forYhabservations are

Yi= Y V2= Y . Yam Y

Also, recall that the variance for teobservations and the variance for thebservations are respectively

2 2
KD NGV M ol Vi
n-1 n-1

Let us calculate the variance for the variablee*aand the variance for the variable “yearly inc6nime
the SURVEY DATA. We shall designate the varialdgé” asX and the variable “yearly income” &s To
find the deviations from the mean for each variabe first find the means. Table 10-1 displaysualations
useful in obtaining the means and variances. Thetivo columns of the table represent lists ef diges and
the yearly incomes respectively. The sum of thesdgs you may verify) Bx = 1323, and the sum of the
yearly incomes (as you may verify)3g = 1362. Since theme= 30 observations, the mean age is
x = 132330 = 44.1 years, and the mean yearly incomyg is 1362/30 = 45.4 thousand dollars. The third

and fifth columns of the table represent respelstithee deviations of age from the mean and theali®ris of
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yearly income from the mean; as indicated in théetahe sum of the deviations from the mean isaghazero.
The fourth and sixth columns of the table represesypectively the squared deviations from the nfeaage
and yearly income. (The seventh column of thestal® shall discuss shortly.) At the bottom of thigle, the
variances are obtained by dividing the sum of theased deviations from the mean divided by onetless the

number of observations. Specifically, the variaotthe ages is; = 3814.70/29 = 131.5414, and the

variance of the yearly incomes & = 732720/29 = 252.6621.
Recall that the square root of the

variance is the standard deviation; . Table 1“‘_1 .
variance and standard deviation are Calculation of the Means, Variances, and Covariance
measures of dispersion in the distributior for X = “age” and ¥ = “yearlyincome”

of a quantitative variable. Specifically, inthe SURVEYDATA

the standard deviation of the ages is

sx = 11.4691 years, and the standard x Yy ox-xz (x-xb y-y -yt x-2r-50

deviation of the yearly incomes is
sy = 15.8953 thousand dollars. Obtaining 35 M - 91 8281 —11.4 1299  + 10374
the variance for observations of a 20 28 -241 58081 -174 30276+ 41934
quantitative variable is nothing new; we 35 71 - 81 BAE1  +254  A5536 - 23294
have done this previously. The new : : : : : :

concept that we now want to introduce is

numerical measures of the relationship iz i 459 7921 +186 U506 + 16554

betweer%ﬁg‘g&/;ﬁgﬁg'gg&’;ﬁbﬁz 59 39 +149 22201 -6d 4096 - 9536
o . 1323 1342 0 3814770 0 T327.20 +2522.80

guantitative variableX andY can be used

as a measure of whether the relationshig - _

between the two variables tends to be x =1323/30=44.1 y = 1362730 =454

positive or negative. Usingto denote

the covariance, we may write a formula t s = 3514.70/20 =131 5414 s ="T327.20/29 =252 6621
calculate the covariance as follows: o= +2577 80/20 =+36 093]

Y (x=xX(y-y)

- n-1

From this formula, we see that the covariancedsstim of the product of deviations from the meaiddd by
one less than the number of observations. Thenfeeelumn of Table 10-1 represents the produthef
deviations from the mean for age and yearly incapecifically, each entry of the seventh columthes
product of the corresponding entries in the thollimn and the fifth column. To find the covariafmtween
age and yearly income in the SURVEY DATA, the surthe seventh columB(x — X)(y — y) = +2522.80 is

divided by one less than the number of observaticng = 29. At the bottom of Table 10-1 is wherefind
this covariance to be= +86.9931.

A variances’ can never be negative, since it is calculated fasum of squares. Unlike the variance,
however, a covarianaecan be negative or positive. If the relationdigpwveenx andY tends to be positive,

thenX andY will tend to increase together and decrease tegetthich implies that(— ;() and ¢ — 9) will

often either both be positive or both be negativgch in turn impliesX — ;<)(y— Y/) will often be positive

(since the product of positive numbers is positarg] the product of two negative numbers is pasitiv
Consequently, when the relationship betw¥emndY tends to be positive, then the covariaoeéll be
positive. On the other hand, if the relationshgpieenX andY tends to be negative, th&#mwill tend to

decrease ax increases and vice versa, which implies thatf() and ¢ — ?/) will often both have opposite

signs from one another, which in turn impIias—(?()(y— ?/) will often be negative (since the product of a

positive number and a negative number is negati@@nsequently, when the relationship betw¥emdY
tends to be negative, then the covarianea| be negative.
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With a scatter plot similar to Figures 9-1g antl9we should expect the covariance to be clogernmo,
since there appears to be neither a positive oelsttip nor a negative relationship betwesndY; in fact,
there appears to be no relationship at all. Howede@not be fooled into thinking that a covariactEse to zero
implies there is no relationship betwe¢andY. A scatter plot similar to Figure 9-1j would ima# us to
believe that there is a nonlinear relationship leetwX andY, but we would expect the covariance to be close to
zero, since the relationship appears to be nedtlparsitive one nor a negative one.

In Table 10-1, the fact that we found the covar@abetween age and yearly income in the SURVEY
DATA to be positive suggests that age and yeadgiime increase together and decrease togetherscatter
plot of Figure 7-4 visually displays this positisgationship and also seems to suggest that tagamethip
might be considered linear but weak.

As another example of
bivariate data, suppoge= “the Table 10-2
dosage of a certain drug (in Dosage and Reaction Time Data
grams)” andy = “the reaction time | The dosage of a stimulant drug and the reaction time to a stimulus
to a particular stimulus (in are recorded for each of several subjects injected with the drug.
seconds)” are recorded for each
subject involved in a study, with Dosage (grams) 4 4 6 6 8 8 10 10
the results displayed in Table 10-zZf Reaction Time (seconds) 75 68 40 44 39 31 14 1.7

This data is repeated in the first
two columns of Table 10-3, where we shall have galgulate the means, the variances, and the coearian
Table 10-3, complete the last five columns, fingl $im of the entries for each column, and obtadrsthtistics

listed at the bottom of the table. (You shouldifthatx =7,y = 4.1, S; =5.714,8, = 4.720, an¢ = - 5.)
The covariance is really

only capable of giving us some Table 10-3
information about whether the Calculation of the Means, Variances, and Covariance
relationship between two for the Dosage and Reaction Time Data of Table 10-2

guantitative variables appears to be

positive or negative; the covariance - =Y iy Y  Thrn T
does not give us any sense aboutt| * yoox-x ont oyoy oyt e xr-0)

strength of a relationship. We can

get some measure of the strength ¢ 4 75
a linear relationship by using a 4 fi &
correlation. Many different types

of correlations are available, and 6 4.0
often the worctorrelationis used to | & 4.4
refer to a measure of the strength c . 34
a relationship between two variable '
even when one or both of the a 3l
variables is not quantitative. i |4

Presently, we are going to focus
only on one particular type of 10 1.7
correlation used to measure the
strength of a linear relationship _ _
between two quantitative variables | » =____ ¥ =
Xandy.

One popular measure of the| sx*= 5= £=
strength and direction of a linear
relationship between two quantitative variab¥egndY is called thePearson product moment correlation.
When there is no chance of confusion with any otyyee of correlation, we shall simply refer to thearson
product moment correlation as the correlation,\@adhall use the letterto denote this correlation. The
correlationr between two quantitative variablEsandY is defined to be the covariance divided by thelpob
of the standard deviations, that is, we may write
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C
r =
Sx Sy

While the covariance could be equal to any real number, the valuewafl always be between -1 and +1,
although we are not going to prove this fact here.
Roughly speaking, a value otlose to 0

. . . . Figure 10-1
suggests no linear relationship, while a value of
close to —1 suggests a negative linear relationship Scatterplot for the Data of Table 10-2
and a value of close to +1 suggests a positive line: 8
relationship. A perfect positive linear relatioipsh 7 - :
corresponds to= +1, and a perfect negative linear @6 |
relationship corresponds te= —1. Recall once agair
that Figures 9-1a and 9-1b are each a scatter plot @O ‘
illustrating a perfect linear relationship betweeo g - .
quantitative variables, since in both figures th&d ';3 . v
points all lie exactly on a straight line. We wauwif -32 i
course find that = +1 for Figure 9-1a and that 3
= -1 for Figure 9-1b. In Figure 9-1c we might 17
expect that is less than but relatively close to +1, 0 | | | | | | |
and in Figure 9-1d we might expect thas greater 3 4 5 6 7 8 g 10 11

than but relatively close to —1. The scatter pbdts
Figures 9-1e and 9-1f each illustrate a weakeamline
relationship than those of Figures 9-1c and 9-1d
respectively; consequently, we might expect th&igure 9-1¢ is closer to zero but still positive, and that in
Figure 9-1fr is also closer to zero but still negative.

The scatter plots of Figures 9-1g and 9-1h eaolwsto real relationship; consequently, in both sase
we would expect thatwill be close to 0. The scatter plots of Figu®eli and 9-1j each show a nonlinear
relationship. While we have previously noted tifvt relationship displayed by Figure 9-1i couldchéed
negative, we cannot really call the relationshgptiiyed by Figure 9-1j either positive or negata®a result,
we would expect thatwill be negative for Figure 9-1i and thawill be very close to 0 for Figure 9-1j. As with
the covariance, do not be fooled into thinking thabrrelation close to zero implies there is dati@nship
betweenX andY; a correlation close

Dosage (Grams)

to zero only implies that there is no
linear relationship betweetandy. Table 10-4
To calculate the correlation Age and Grip Strength Data
between age and yearly income in | The age (years) and right-hand grip strength (pounds of force) are
the SURVEY DATA, we obtain recorded for each of several right-handed males.
from our earlier calculations in Table
10-1 thatsy = 11.4691s, = 15.8953, | Age 15 17 19 11 16 22 17 25 12 14 25 23
andc = +86.9931. Consequently, Grip Strength 50 34 66 46 38 54 64 80 46 70 76 80

the correlation between age and
yearly income is = +86.9931[(11.469)(15.8953] = +0.4772. Use the calculations from Table 10-8rtd
the correlation between dosage and reaction tintlecimlata of Table 10-2. (You should find that—0.9628.)

Sef-Test Problem 10-1. The Age and Grip Strength Data, displayed in @4dlfl-4, is used in a study of the
relationship between age and grip strength amayig-Handed males. L&trepresent the variable “age,” and
let Y represent the variable “grip strength”.
(@) Find the mean for each variable and thiemee for each variable.
(b) Find the covariance and correlation betwtbe two variables.
(c) Based on the value of the correlation,cllof Figures 9-1a to 9-1j would you expect a scgitot of
this data to resemble? Why?
(d) Construct a scatter plot of the data waifle on the horizontal axis, and decide whethettlyink the
relationship should be considered linear or noadim
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It is easy to be tempted to think that a
correlation between +0.75 and +1, or a correlation
between —0.75 and —1, must indicate a reasonably
strong linear relationship, and also that a coti@ta
between —0.25 and +0.25 must indicate a weak lin:
relationship. However, this is not necessarily the
case. The number of observatioris an important
consideration in whether not a given value of
should be considered significant. This importaact f
is often forgotten when evaluating the strength of
linear relationship. Precisely how to decide when
correlation should be considered significant is@d
which we shall address in a future unit. For now,
however, in order to demonstrate the importantmol
plays in interpreting correlation, we point outtthia
general, a large value oshould not necessarily be
considered significant ifi is small; also, when is
large, what may appear to be a small valuerofy
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Figure 10-2
Scatterplot for the Data of Table 10-4
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very well be considered significant. For instarecgalue of = 0.35 withn = 100 would be considered very
significant, whereas a value 0f 0.80 withn = 5 would not be considered significant. Quoting value of a
correlation is popular with some researchers, fauéh a correlation value is not accompanied bytlue oh
and/or some other indication of its significan¢e value of the correlation is of little value asapen to

misinterpretation.

Recall that the correlation between drug dosager@action time in the data of Table 10-2 was fotind
ber =—-0.9628. While this appears to represent a sttong negative linear relationship, the fact that8
should make us cautious about jumping to such algsion. We shall have to wait until a future usefore we
learn how to decide whether or not the linear i@tethip between age and grip strength should bsidered

significant.

A few other cautionary remarks about correlatimmia order. The fact that there is a linear refeghip
(or any other type of relationship) between twdalalesX andY does not necessarily imply a cause-and-effect
relationship. For instance, we should not be $sedrto observe a high positive correlation betwbemb size
and reading ability among school children in graoies through seven, but this certainly should eatllus to
conclude that a large thumb size causes highemgadility or vice versa. The reason for a highrelation in
this situation is of course because both of thebes involved are related to a third variables.ag

A correlation between two variables which resfitbsn each variable being highly correlated to one o
more other variables is calledjaurious correlation. (Spurious means "wrongly attributed.”) We miawg fthat
there is a high positive correlation between smpkind risk of lung cancer; but while smoking mayabe
contributory factor to lung cancer, it is possifilelung cancer to be caused by any number of facto
Conceivably, there may exist some third factor Whsonultaneously influences both a person's désisenoke

and risk of lung cancer.

Self-Test Problem 10-2. Figure 7-3 displays a scatter plot for the vdealiweekly radio hours” and “weekly
TV hours” in the SURVEY DATA, displayed as Data 3et at the end of Unit 1. Based on this scatat, do

you think

(@) the relationship between “weekly radio tsd@nd “weekly TV hours” is linear or non-linear?
(b) the correlation between “weekly radio tsjuand “weekly TV hours” is positive, negative,aose to

zero?
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Self-Test Problem 10-3. At the Department of Motor Vehicles in a statsgatter plot is created from
automobile accident records. The variable “milayafrom home” is scaled on the horizontal axig] tre
variable “number of accidents in the past yeasdaled on the vertical axis. A large negativeeation is
found.
(&) Is it appropriate to conclude that driviersd to be safer from automobile accidents whew #re
farther away from home? Why or why not?
(b) Why do you think this correlation might densidered to be a spurious correlation?

Self-Test Problem 10-4. Decide whether obtaining a Pearson product mocwmelationr is appropriate in
each of the situations described, and give a refggrour decision.

(@) Data on type of job (white collar or blewdlar) and diastolic blood pressure are recordedéch of
several residents in a city, in order to studyrthationship between type of job and diastolic dloo
pressure.

(b) Weekly study time and weekly TV time agearded for each of several high school studemtsrder
to study the relationship between study time ame tspent watching TV.

(c) Eye color (classified as blue, brown, mgan) and hair color (classified as brown, bladénd, and red)
are recorded for a large number of people, in ai@etudy a possible relationship between eye colof
and hair color.

(d) Weekly study time and weekly TV time aeearded for each of several high school studemtsrder
to study the difference in distribution betweerdgttime and time spent watching TV.

(e) Monthly income is recorded for each ofesal’high school students, in order to study tlsérithiution
monthly incomes among high school students.

(N Grade point average and weekly TV timeraeorded for each of several high school studemts,der
to study the relationship between study time amdigpoint average.

Answersto Self-Test Problems
10-1 (a) The mean age is = 18 years, and the mean grip strengtly is 62 Ibs.; the variance of the ages [is

s2 = 256/11 = 23.273, and the variance of the grigngfths iss; = 1728/11 = 157.091. (b) The

covariance i€ = +512/11 = +46.545, and the correlation #+0.7698. (c) Since the correlation is
positive and seems relatively large, one might ekphe scatter plot to resemble Figure 9-1c.
(d) Figure 10-2 displays the scatter plot; it appeaasonable to say that the relationship is tinea

10-2 (a) It appears reasonable to say that the rekdtipns linear. (b) The scatter plot appears tmsh
reasonably strong negative correlation between lyeakiio hours and weekly TV hours; the actual
value of the correlation is —0.6384.

10-3 (a) The fact that there is a linear relationshipany other type of relationship) between two ataliesX
andY does not necessarily imply a cause-and-effectioalship. (b) Each of the two variables “miles
away from home” and “number of accidents in the gaar” is going to be heavily influenced by a
third variable “time spent driving”; the reason maccidents tend occur at shorter distances away fr
home is because people tend to spend consideralnly/ time driving close to home than away from
home.

10-4 (a) The correlation would not be appropriate, since the relationslefwieen two variables which are
not both quantitative is of interest. (b) The etationr would be appropriate, since the relationship
between two variables which are both quantitatvefiinterest. (c) The correlation r would not be
appropriate, since the relationship between twaisbes which are not both quantitative is of ingere
(d) The correlatiom would not be appropriate, since the interest théndifference in distribution
between the two quantitative variables and nabénrelationship. (e) The correlationvould not be
appropriate, since only one quantitative variablefiinterest. (f) The correlatianvould be
appropriate, since the relationship between twaatséas which are both quantitative is of interest.
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Summary
We represent a list of pairs of observations of quantitative variabtesndY by

(X1, y1) (X2, ¥2) - (Xa s Yn)

Such data is often calldiiivariate data. Thecovariance ¢ between two quantitative variabl¥sandY is defined
to be

e D (x=X(y-y)
n-1
The covariance can be used can be used as a mesurether the relationship between the variaklesdY
tends to be positive or negative. If the relatfopdetweerX andY tends to be positive, thern€ X) and

(y— Y/) will often tend to have the same sign, whichtuim, implies that the covariancewill be positive. If

the relationship betweexandY tends to be negative, then—(?() and ¢ — 9) will often tend to have opposite

signs, which, in turn, implies that the covarianceill be negative. The covariance being closeei@zmplies
there is no linear relationship betweeandY but does not necessarily imply that there is taticsship
betweenX andY. The covariance provides us with information atibe direction of a relationship but not
about the strength of the relationship.

ThePearson product moment correlation, referred to simply as the correlation when themo chance
of confusion, is defined to be the covariance didithy the product of the standard deviations. @sto
represent this correlation, we may write

c

Sx Sy
The value of will always be between —1 and +1, Roughly spagkinvalue of close to 0 suggests no linear
relationship, while a value ofclose to —1 suggests a negative linear relatipresi a value af close to +1
suggests a positive linear relationship. A perpeditive linear relationship corresponds to +1, and a perfect
negative linear relationship corresponds to—1. When there is no real relationship, or wivercannot really
call the relationship either positive or negatiwe, would expect thatwill be very close to 0. The number of
observations is an important consideration in whether not @givalue of should be considered significant.
A correlation between two variables which resuitsf each variable being highly correlated to adthariable
is called aspurious correlation.

r =
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