Unit 11
Using Linear Regression to Describe
Relationships

Objectives:
* To obtain and interpret the slope and intercephefieast squares line for predicting a quantigativ
response variablé from a quantitative explanatory variaiXe

The correlation between two quantitative varialgles/ides us with a measure the strength and directi
of a linear relationship. Obtaining correlatioredaot require us to identify one of the two vdealas being
predicted from the other. However, there are Sina in which we want to predict one variable franother.

A response variable or dependent variable is one we predict from one or more other varigtdesxplanatory
variable or independent variable is one from which predictions are made. Typicalg letY represent the
response (dependent) variable anXle¢present the explanatory (independent) varialéh the SURVEY
DATA, displayed as Data Set 1-1 at the end of Wnike might wish to predict yearly income from ageaking
Y = "yearly income" the response variable &iwd "age" the explanatory variable. With the Dosagd
Reaction Time Data of Table 10-2, it is naturalhiok of predicting reaction time from drug dosag@king

Y = "reaction time" the response variable Znd "drug dosage” the explanatory variable.

Regression refers to the prediction of one quantitative res@ovariable from one or more quantitative
explanatory variables. We will be primarily conoed withsimple linear regression, which refers to the
prediction of one response variaMé&om one explanatory variab¥using the equation of a straight line
written in the formY =a + bX . In this equatiom is called thentercept of the line, and is called theslope of
the line.

To illustrate the role played by the

slope and intercept, let us suppose Ih'at_ Figure 11-1

temperature measured in degrees Celsiusrar

is temperature measured in degrees Fahrent Degrees Fahrenheit & Celsius: Y=32+1.8X
It will always be true that = 32 + 1.&, since 250

this is the well known formula for changing | | | |

from degrees Celsius to degrees Fahrenheit. 2200 m

For instance, to convert a temperature of 52 31 50 —
degrees Celsius to degrees FahrenKeit52 'y
is substituted into the equation, from which w $100
find that 52 degrees Celsius is equa¥'te g
32 + 1.8(52) = 125.6 degrees Fahrenheit. Tk = 50 —
intercept of a lineq) is the value of whenX

is equal to zero. When degrees Celsius is 0, 0
then the degrees Fahrenheitis 32, since 0 10 20 3D 40 50 60 70 80 90100
32 + 1.8(0) = 32. Next, we observe that whel X = Degrees Celsius

X=1,Y=33.8; wherX = 2,Y = 35.6; when
X =3,Y = 37.4; etc., from which we find that
each timeX is increased by 1 uniY,is increased bl = 1.8 units. The slope of a line represents theuant of
change inY each timeX is increased by 1 unit. In this case, each tiegreks Celsius is increased by 1 degree,
the degrees Fahrenheit is increased by 1.8 degrees.

To graph a line, all we really need to do is @intl connect any two distinct points on the liner F
instance, to grapf = 32 + 1.&, which is done in Figure 11-1, we can connecipitiats (0, 32) and
(100, 212), both of which are on the line.

There is a positive linear relationship betweegréees Celsius and degrees Fahrenheit, because the
slope is positive, implying thatincreases whenevrincreases. With a negative linear relationsttip,dlope
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is negative, implying that decreases whenevgrincreases. This is illustrated by the line indfeg11-2. The
equation of this line i¥ = 10.5 — 0.8, which has a slope df=-0.6 and an intercept af= 10.5. It is easy to
check that each time is increased by 1Y is decreased by 0.6. We have already seen #hatdpe [f) is
indeed —0.6, and it is also easy to see that whe®, thenY = 10.5, which is the intercep)(

Now, let us return to Figure 7-4, whict

(_ifwe momentarily ignore the line in the Figure 11-2
figure) is the scatter plot of = “age” andy =
“yearly income” in the SURVEY DATA, Y=10.5- 06X

displayed as Data Set 1-1 at the end of Unit ]
There appears to be a positive relationship, b
this relationship is not a perfect positive one,
since the points do not all lie on a straight line
If all the points in a scatter plot do not lie on a
straight line, how can we possibly find the
equation of a line which will describe this
relationship? Since we cannot find the
equation of a line which goes through every
data point, we do the next best thing by findir
the equation of the line which comes closest:
all the data points in some sense. One popul
method to do this is to find the line which
minimizes the squared vertical distances
between the data points and the line; this lirmlked thdeast squaresline. The line that has been graphed
with the scatter plot in Figure 7-4 is the leastags line.

We shall not attempt to compare the merits oftle¢hod of least squares with those of competing
methods, nor shall we attempt to derive the eqgoatfdhe line resulting from the method of leasiags. We
shall simply state the formulas for the slope amédrcept to find the least squares line for préucY from X
with a bivariate data set. The slope in the legatires line can be obtained from

b= ri :
SX
From this formula, one sees that the slopé the least squares line and the correlatiorust always have the
same sign. Intuitively, this should be obviousgsia positive correlation suggests thi#&nds to increase s
increases (implying a positive slope) and a negatorrelation suggests théatends to decrease dsncreases
(implying a negative slope). Once the slope ofi¢ast squares line is available, the intercepteaabtained
from
a=y-bx .

We can use the equation of the least squaresdimake predictions aboWMtfrom X or to describe the
relationship betweeK andy.

Let us illustrate how we can obtain the least segiine for predictingy = “yearly income” fromX =
“age” with the SURVEY DATA, displayed as Data Set &t the end of Unit 1. Using the calculatiormir

Table 10-1, we have previously found that 44.1,9 = 45.4, si = 11.4691,53 = 15.8953, and = +0.4772.

Using the formula for the slope in the least sgeidiree and then the formula for the intercept im libast squares
line, we find that

b= ri = (04772 15'8953: 0.661 and a=y-bx=454-(0.661)(44.1) =16.2 .
Sy 114691
We could write the equation of the least squanesdsY = 16.2 + 0.66X ; however, in order to
emphasize whaX andY represent, we might prefer to write the equat®ima= 16.2 + 0.66Hge) , whereinc
is an abbreviation for yearly income in thousanfddatiars. The slope of this least squares Iine,0.661
thousand dollars, is an estimate for the averagauatrof change in yearly income accompanying arease of
one year in age; that is, for each one year inergaage, the yearly income among the voters repted by the
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SURVEY DATA is estimated to increase on averagé®y dollars. Figure 7-4, which displays the graph
this least squares line on a scatter plot, provédésual picture of how well the least squares fits the data.
At a later time, we shall discuss ways for decidiftgther or not the fit is a good.

We may use the least squares line to predictya@arbme with a given age or to estimate the averag
yearly income for a given age group, as long assagethin the range of the ages observed in tha.d&or
example, we estimate the average yearly incomBUegrear-old voters represented by the SURVEY DADA t
be about 16.2 + 0.661(50) = 49.25 thousand dollHrae wanted to predict the yearly income foraatjgular
30-year-old voter from the voters represented BySWRVEY DATA, our prediction would be
16.2 + 0.661(30) = 36.1 thousand dollars (whicbfisourse the same as the estimated average yecoipe
for 30-year-olds).

As a general rule, estimation and prediction dgt¢he range of the observed valueX should be
avoided. For instance, if we blindly substitutedsge ofX = 10 years into the least squares line, we would
estimate the average yearly income for 10-yearsmde 16.2 + 0.661(10) = 22.8 thousand dollare Hope
you agree that this is a totally meaningless esémixamination of the SURVEY DATA will reveal ththe
ages of the voters in the data ranged from 20 tge@?s old. This implies that our least squairess ¢ian be
applied only to ages in this range. In fact, weusth expect the relationship between age and yaarme to
be quite different for at least some ages outsidedange from 20 to 62 years.

We shall now have you find the least squar Fi 113
line for predictingY = “the reaction time to a gure
particular stimulus (in seconds)” frox= “the Scatterplot & Least Squares Line for Table 10-2
dosage of a certain drug (in grams)” with the drita 8
Table 10-2. It should be clear that reaction time
the response variable and dosage is the explanatc
variable. In order to find the least squares Iieeall
that the calculations done in Table 10-3 were tised

findthatx =7,y =4.1,s2 = 5.714,s% = 4.720,
andr = —-0.9628. Once you have found the least
squares line, graph this line on Figure 10-1, wisch

a scatter plot of the data. (You should find that
least squares line it = 10.225 — 0.87%¥g), where

*

rct represents reaction time in seconds, dsud 0 ' ' ‘ ‘ I I \
represents dosage in grams; Figure 11-3 is a grap 3 4 5 6 7 8 9 10 1
the least squares line on the scatter plot.) Dosage (Grams)

The slope of this least squares line for
predicting reaction time from dosadpes — 0.875 seconds, is an estimate for the avexagrint of change in
reaction time accompanying an increase of one gnatnsage; that is, for each one gram increasesagke of
the drug, the reaction time is estimated to deereasaverage by 0.875 seconds. Note that since the
relationship between reaction time and drug dogagenegative one, both the sldpand the correlationare
negative. Use the least squares line to estirhataverage reaction time with a drug dosage oafhgrand to
predict the reaction time with a dosage of 7 graiYau should find that the estimated average readime
with a drug dosage of 9 grams is 2.35 secondsttatdhe predicted reaction time with a dosage @fams is
4.1 seconds.)

Earlier, we stated that using the least squanesfdir estimation and prediction outside the ravfghe
observed values of should be avoided. There is one exception torthés When our explanatory variable
is time, and we are attempting to predict a quatitié variableY for a future time period, then of course after
observing values of for several time periods, our goal is to make jtéxhs for future time periods outside the
range of the data. Data observed over a sequéiioeeoperiods is called ame series. The first two columns
of Table 9-1 is an example of time series datgfmes, and the first and third columns of Tablki8-an
example of time series data for quantities. Ong attempt to use a least squares line with timeseata to
make predictions for the future, but such prediiwill usually not be very accurate, because feny
guantitative variables change over time in a puliebar fashion. Describing how a quantitativeiafale
changes over time almost always requires the uaenofilinear relationship. Although soon we st&tuss
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ways of deciding whether the assumption of a limekationship is warranted (as opposed to some tgpe of
relationship), we shall not have time to explore tiany different nonlinear relationships which xis

There is one final remark that we shall make coriog the topics of correlation and linear regressi

Recall that we previously cautioned against in&tipg a strong correlation between two variablearas
indication that changes in one variable cause amirgthe other variable. In order to study whetitenot

changes in a variablk cause changes in another variajlere must perform a more sophisticated statistical

analysis than simply finding a correlation. Toaddish that a causal effect exists, it is oftenessary to be able
to control the values of an explanatory variakleFor instance, when predicting reaction time fidnug dosage
with the Dosage and Reaction Time Data of Tabl@,li0seems obvious that the dosages were carefully
selected by the experimenter. However, when ptiedity’ = “yearly income” fromX = “age” with the
SURVEY DATA, displayed as Data Set 1-1 at the ehdmit 1, the ages in the SURVEY DATA look random.

With the Dosage and Reaction Time Data, the exparier had control over the valuesXofdosage), whereas

with the SURVEY DATA, the experimenter had no cohtiver the ages of the individuals in the study.

Self-Test Problem 11-1. In Self-Test Problem 10-1, the Age and Grip SithrData, displayed in Table 10-4
is used in a study of the relationship betweenaamkegrip strength among right-handed males. Supihese is
interest in the prediction of grip strength froneag

@)
(b)

(©)
(d)
(e)

()
(@

(h)
(i)

Identify the response variaMand the explanatory variable

In Self-Test Problem 10-1, it was foundtth = 18, y = 62, s2 = 23.273,s2 = 157.091, and

r =+0.7698. Find the equation of the least squiamesand write a one sentence interpretatiomef t
slope of the least squares line.

Use the least squares line to predicgtipestrength of a 20-year-old right-handed male.

Use the least squares line to estimatavkeage grip strength of 15-year-old right-hanchedes.
Give an example of an age for which using least squares line to predict grip strengtlaidoe
inappropriate.

On average, what is the change in griprgith with a five-year increase in age?

Suppose you are told that a particuldntrltanded male has a grip strength of 72 Ibs.theséeast
squares line to estimate this male's age.

Construct a scatter plot of the data, graghh the least squares line on the scatter plot.

Do the values for the explanatory variaibl¢he data look like they were controlled by the
experimenter, or do they look random?

Self-Test Problem 11-2. Suppose that time series data is recorded frermitnthly sales of ice cream sales
a particular ice cream parlor. Explain why usirlgast squares line to predict sales for future thwould
probably not be very accurate.

11-1

11-2

Answersto Self-Test Problems
(a) Grip strength is the response variable andsatiee explanatory variable. (b) The least squbne
can be written agrp = 26 + 2ége) , wheregrp represents grip strength in Ibs. For each ineredsne
year in age, grip strength increases on averagdbyt 2 Ibs. (c) The predicted grip strength of a
20-year-old right-handed male is 66 Ibs. (d) Tsngated average grip strength of 15-year-old
right-handed males is 56 Ibs. (e) It is not appede to use this least squares line to predigt gri
strength for any age outside 11 to 25 years (teeragge in the data). (f) For each increase ef fiv
years in age, grip increases on average by abghb} {® Ibs. (g) The estimated age is about 23 yea
(h) See Figure 11-4. (i) The values for the exatary variable age in the data look random.
Ice cream sales are not likely to change in alifi@shion from month to month, since sales wiibt¢o
be higher in summer months and lower in winter sntesulting in a nonlinear cycle within each
year.
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Figure 114
Scatterplot & Least Squares Line fot Table 10-4
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Summary

A response variable or dependent variable is one we predict from one or more other varigkdes
explanatory variable or independent variable is one from which predictions are madgegression refers to the
prediction of one quantitative response varialdenflone or more quantitative explanatory variab@&mple
linear regression refers to the prediction of one response varidflem one explanatory variab¥using the
equation of a straight line written in the foifrr a + bX . In this equatiora is called thentercept of the line,
andb is called theslope of the line. The intercept is the valueYoivhenX = 0; the slope is the change¥n
whenevelX is increased by one unit. To graph a line, we oeled to plot and connect any two distinct points
on the line.

One popular method to find the equation of a Viteéch comes closest to all the data points is tothe
least squares line, which is the line minimizing the squared vertidatances between the data points and the
line. The slope of the least squares line canbba&imed from

b=r i
SX
Once the slope of the least squares line is avajltie intercept can be obtained from
a=y-bx .

We may use the least squares line to prédigith a given value oX or to estimate the average valuerdor a
given value ofX, as long as the given valueXfs within the range of the observed data.

Data observed over a sequence of time perioddledcatime series. Using a least squares line with
time series data to make predictions for the futwesusually not very accurate, because quanttatviables
almost always change over time in a nonlinear ashi
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