Unit 15
Density Curves and z-Scor es

Objectives:
* To understand how a density curve describes thiebdison of a population
* To become acquainted with the properties of a nbd®asity curve
* To compute and interpret z-scores and raw scores
» Torecognize the important roll that the normatriisition plays with regard to the sampling

distribution of X with simple random sampling

The histogram and the frequency polygon are tvaplgical displays that we have encountered on
several previous occasions. For instance, Figyrés3 histogram displaying the distribution ofuiNber of
Children" from the SURVEY DATA, displayed as Datet3-1 at the end of Unit 1, and Figures 3-3 artda3e
respectively a histogram and a frequency polygspldying the distribution of "Yearly Income" fromnet
SURVEY DATA. Each of these graphical displays ésigned to display the distribution of a varialded
sample. Recall that using graphical displays &cdbe the characteristics of a sample is parthaftwe calll
descriptive statistics. However, our primary fopussently is on using a sample to draw conclusidroait a
population, which is what we call inferential sstitis. In order to develop our study of inferelndiatistics, we
now want to consider how to display the distribntad a variable for a population.

We have stated previously that, in most pracsiahtions, we think of populations as containingeey
large, possibly even infinite, number of items.r Bome variables, we are able to make an ordestdflthe
possible, observable values of a variable. Fomgie, if we are studying the variable "Number ofl@en" in
a very large population, an ordered list of thesgale, observable values is the non-negative img0gel, 2, 3,
..., etc.; we call such a list of possible valdiesrete. On the other hand, there are many variablew/ffich
such an ordered list is not possible. For exanifpiee are studying the variable "Height," non-ig¢e values
are possible. Someone may have a height ofdt&) or a height of 69 inches, or a height ofranypber of
inches between 68 and 69 (such as 68.34 incheg)aré/not able to make an ordered list of the plessi
observable values, because no matter what ligtristructed, we can always find a possible valuseiween
any two values on the list. When we can alwayd &rpossible value in between any two values arable,
we say that the values lie orc@ntinuum, and we call the possible valugsitinuous. The variable "Number of
Children" would not be treated as continuous, beediLis possible for someone to have 3 childrad,iais
possible for someone to have 4 children, butrioispossible for someone to have a number of amildn
between 3 and 4.

In very many practical situations, we can treaaidable which has a discrete list of possible galas if
its possible values are continuous. For examphenvare studying the variable "Yearly Income," oright say
that the possible values are discrete, sincepibssible for someone to have an income of $36,34%ud it is
possible for someone to have an income of $36,845. it is not possible for someone to have aprnme in
between $36,345.67 and $36,345.68. While stragilgaking, this is true, the list of possible incengeso large,
that it is not at all unreasonable to think of glessible incomes as being on a continuum. As argérule,
when the number of possible values for a variablarge, we can treat the variable as if it is co@us. In
fact, many statistical procedures designed forinantis-type variables work well for discrete-tyfeiables
even if the number of possibilities is not realbry large.

For this reason, our immediate focus will be opuations for which the possible values of the atale
being studied are treated as continuous. Withithigind let us return to the variable "Yearly Inoe." If we
were going to construct a histogram or frequendygumm to represent the distribution for a very karg
population, we would be able to define many intecla@sses of small length. Figures 3-3 and 3-@ased on
six classes each representing an interval of leb@tthousand dollars to display data consistingQoiincomes.
For a much larger number of incomes, we could @seldsses each representing a length of 5 thoubaltzats,
or we could use 24 classes each representing thlehg.5 thousand dollars, or we could use 48selagach
representing a length of 1.25 thousand dollars, etc
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Figure 15-1a Figure 15-1b

Uniform Density Curve Norm al (Bell-Shaped) Density Cur ve
Figure 15 1c Figure 15-1d

Puositively Skewed Density Curve Negativd y Skew ed Density Corve
Fignre 15 1e Fignre 15-1f

Multimodal Density Curve Positively Skew ed Density Curve

Increasing the number of intervals and decreasiagnterval length will have a smoothing effecttba
histogram or frequency polygon. In general, thetritiution for a very large population can be repréed as a
smooth curve; such a curve is calledeasity curve. The proportion of area under a density curveveeh any
two values on the horizontal axis represents tlaive frequency of items which fall between thetgiven
values; we may also interpret this relative frequyess the probability that one randomly selecterhifalls
between the two given values. Figures 15-1a t@fidisplay several density curves, each illustgatin
characteristics similar to the corresponding hisiogin Figures 3-5a to 3-5f.
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Figure 15-1b and Figure 3-5b each display a symmdétell-shaped distribution. Notice that Figure
15-1b has been named the mal density curve, also called thaormal distribution. This symmetric,
bell-shaped distribution is given this special ndraeause of the important role it plays in statsswith regard

to sampling distributions. We have recently seanw the sampling distribution at with simple random
sampling becomes more bell-shaped as the sample sizreases; stated more precisely, we can sayttbat
sampling distribution becomes more like a normsairthution as the sample size increases. Conséyuer
shall need to study the normal distribution in det@'he namenormal distribution might be somewhat
misleading, since it can give the impression thiagiodistributions are somehow abnormal, whichoisthe
case. The namormal distribution refers to a mathematical operation called norrimagiz.

A population having a normal distribution will beost conveniently described in terms of its meath an

standard deviation. Recall that we ys® represent the mean of a population antb represent the mean of a
sample. We shall now need to distinguish betwherstandard deviation of a population and the stahd
deviation of a sample; we shall uséthe lower case Greek letter sigma) to represenstandard deviation of
population, and we shall useo refer exclusively to the standard deviatiomsample. In other wordg,ando

are parameters, arnd ands are statistics.

A normal distribution is symmetric .
and can be described entirely in terms of Flgure 15-2
the number of standard deviations values
are way from the mean. Figure 15-2
displays a more descriptive density curve
than Figure 15-1b. The area under the
curve has been marked in terms of one,
two, and three standard deviations from
the mean. One of the properties of a
normal distribution, which can be seen in
Figure 15-2, is that well over half of the
items in a normally distributed population
are within one standard deviation of the
mean; more specifically, 68.3% of the are
under a normal density curve is between
M —0 andu + 0. You should also notice
from Figure 15-2 that most the items in a / \
normally distributed population are within
two standard deviations of the mean; mol
specifically, 95.4% of the area under a
normal density curve is betwegr+ 20 and + 20. Finally, we notice from Figure 15-2 that praatig all of
the items in a normally distributed population aathin three standard deviations of the mean. Etengh a
normal density curve extends infinitely in botheditions without ever touching the horizontal attie, amount
of area under the curve outside three standardtiens is negligible; more specifically, 99.7% loétarea
under a normal density curve is betwgen 3o andu + 3o, which leaves only slightly more than one quaster
one percent of the area outside three standardtites.

Figures 15-3a and 15-3b display normal distrimdieach representing the distribution of yearly
salaries of employees from one of two fictitiouspmrations named Alco and Balsa. Even though both
distributions are normal, they have very diffenar@ans and standard deviations. For the Alco catijoor,

K = $20,000 and = $2,000; for the Balsa corporatign= $25,000 and = $4,000. The area under each curve
has been marked in terms of one, two, and threelatd deviations from the mean. Also, the two redrm
density curves have been displayed underneathrmibex and on the same scale so that the diffesence
between the two distributions will be highlighted.

The fact that the normal density curve for Batstoithe right of the normal density curve for Als@a
reflection of the fact that the mean salary is great Balsa than at Alco. The fact that the ndmheasity curve
for Balsa is more spread out than the normal dgnsitve for Alco is a reflection of the fact thaéasdard
deviation of salaries is greater at Balsa thanled fi.e., there is more variation in salaries atsg). The mean
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K, which is a measure of the center of a distrilbytdetermines where the normal density curve wll b
centered; the standard deviatmnwhich is a measure of dispersion, determines $fmwad out the normal
density curve will be.

Suppose George is an employee of
Alco and earns $22,000; also, suppose
Sandy is an employee of Balsa and earns
$27,000. Even though Sandy earns more Alco Corporation Yearly Salaries
money than George, we shall see that
George has a higher salary than Sandy
relative to the corporations for which they
work. Observe that each these two
employees has a salary which is $2000
higher than the mean salary of his/her
respective corporation. Locate George's
salary of $22,000 on the horizontal axis of

Figure 15 3a

Figure 15-3a; then locate Sandy's salary of ,/ \

$27,000 on the horizontal axis of Figure 14000 | 1e000 | 22000 | oe0oo | sonoo | m4oon
15-3b. You should realize that the area 12000 16000 20000 24000 29000 32000 36000
above George's $22,000 salary under the Salaries (dollars)

normal curve for Alco is less than the area

above Sandy's $27,000 salary under the

normal curve for Balsa. This is an Figure 15-3b

indication that the percentage of employee

at Balsa earning more than Sandy is greatt Balsa Corporation Yearly Salaries

than the percentage of employees at Alco

earning more than George, which suggests
that George has a higher salary than Sand
relative to the corporations for which they

work, even though Sandy earns more mon
than George. The reason why this happen
is related to the fact that salaries at Balsa ¢

more dispersed than salaries at Alco.

Once again locating George's salar / \-
of $22,000 on the horizontal axis of Figure 17000 25000 3000
15-3a, you should see that George's salary 13000 21000 28000 37000
exactly one whole standard deviation abov Salaries (dollars)

the mean; however, once again locating

Sandy's salary of $27,000 on the horizonta.

axis of Figure 15-3b, you should see that San@y&ysis exactly 1/2 of one standard deviation &bt mean.
Earlier, we stated that 68.3% of the items in anadly distributed population are betwger ¢ andu + o .

This implies that 68.3% of the salaries at the Alogooration are between $18,000 and $22,000, feat®b8.3%
of the salaries at the Balsa corporation are bet#4,000 and $29,000. Consequently, 100% — 68.3%
31.7% of the salaries at the Alco corporation amside the range from $18,000 and $22,000, and@bfthe
salaries at the Balsa corporation are outsideahge from $21,000 and $29,000. Since a normailalision is
symmetric, 15.85% (half of 31.7%) of the salarietha Alco corporation are above $22,000, and £%.85the
salaries at the Balsa corporation are above $29,008 see then that 100% — 15.85% = 84.15% ofafeies
at the Alco corporation are below George's $224¥ary, whereas less than 84.15% of the salaritte &alsa
corporation are below Sandy's $27,000 salary.

In general, if two values come from two differ@apulations (or samples), we can compare the two
values relative to the populations (samples) framctvthey come by considering the number of stahdar
deviations each value is away from its respecty@ugation (sample) mean. The number of standavéhtiens
a value is away from its population mean is cadlegscore, or standard score. If X represents the value of a
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variable corresponding to a population of valuewieanu and standard deviatian, then thez-score, or
standard score, ofis

X= U
gy

Z=

Thez-score ofx is the number of standard deviatioos)x is away from the mea); thez-score is negative
whenx is less than the mean and is positive whenlarger than the mean. Althouglscores can be used with
any distribution, they are primarily used with regygo normal distributions, since as we shall sees, they are
important in describing normal distributions.

Thez-score of George's $22,000 salary at Alco is (22;0@0,000) / 2000 = +1.00, which simply
confirms that George's salary is exactly one stahdaviation above the mean. Thscore of Sandy's $27,000
salary at Balsa is (27,000 — 25,000) / 4000 = +0a8tich simply confirms that Sandy's salary is é¢yaane
half of one standard deviation above the mean.

As another illustration, let us compare Caroly#1%,000 salary at Alco with Will's $19,000 salaty a
Balsa. Thez-score of Carolyn's $17,000 salary at Alco is (09,6 20,000) / 2000 = —1.50, which indicates that
Carolyn's salary is 1.50 standard deviations bétmwmean. Thescore of Will's $19,000 salary at Balsa is
(19,000 — 25,000) / 4000 = —1.50, which indicakes Will's salary is 1.50 standard deviations belbgymean.
Consequently, the percentage of employees at Alodrgg less than Carolyn is the same as the pagemf
employees at Balsa earning less than Will; thigieats that Carolyn and Will have the same saldagive to
the corporations for which they work, even thougitl ¥arns more money than Carolyn.

Earlier, we stated that 68.3% of the items in amadly distributed population are betwger ¢ and
K + o, and that 95.4% of the items in a normally disttdgl population are betwegn- 20 andp + 20. This
implies that 68.3% of the salaries at Alco are leetw$18,000 and $22,000, and that 95.4% of theeskt
Alco are between $16,000 and $24,000. Consequdr@ffo — 68.3% = 31.7% of the salaries at Alco are
outside the range from $18,000 and $22,000, an®1005.4% = 4.6% of the salaries at Alco are oetta
range from $16,000 and $24,000. Since a normailmition is symmetric, 15.85% (i.e., half of 31.y®6 the
salaries at Alco are below $18,000, and 2.3% (alf,of 4.6%) of the salaries at Alco are belovd $00. We
see then that somewhere between 2.3% and 15.88% eélaries at Alco are below Carolyn's $17,00érga

Will's $19,000 salary at Balsa is between onetadstandard deviations below the mean, just as
Carolyn's is at Alco. Therefore, we can say tbatewvhere between 2.3% and 15.85% of the salari®alsa
are below Will's $19,000 salary.

We usez = (x — ) / 0 to convert the valur into az-score; the valug can be called eaw score. There
may be times when we want to convertscore back into a raw score. By solving the eqoat= (Xx—) /o
for x, we find that

X=U+2z0.

which we can use to converz&core into a raw score.

Suppose, for instance, that Ed's salary at theaBadrporation is $20,000, and we want to find what
comparable salary would be at the Alco corporatibiist, we find that the-score of Ed's $20,000 salary at
Balsa is (20,000 — 25,000) / 4000 = -1.25. In otddind a comparable salary at Alco, we needrid the
salary whose-score is —1.25. This is easily done by convertih@5 back into a raw score. The salary at Alco
which is comparable to Ed's $20,000 salary at Bal$20,000 + (—1.25)($2000) = $17,500.

We have described how the areas under a normsitgenrve are distributed only with regard to one,
two, and three standard deviations away from thammé&/ery shortly, we shall see that a more precise
description a normal distribution is available. &dhworking with normal distributions, we focus @mges of
values of a variable rather than with a specificigaf a variable. For instance, with the disttibo of salaries
at the Alco corporation, displayed in Figure 1548a,might focus on the percentage of salaries twe
$18,000 and $23,000, or the percentage of sal@sseghan $21,000, but there is no point to conisigehe
percentage of salaries exactly equal to $19,00@ réason we do not focus on specific values ialsrthe
normal distribution is used to describe variabléh walues on a continuum. With values on a cantm, our
interest is in intervals rather than in specifitues.
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We have already noted how the sampling distrilbugibx with simple random sampling becomes more
bell-shaped, like a normal distribution, with inaséng sample size After discussing normal distributions in
more detail, we shall see specifically how a nordistribution can be used to describe the sampulisigibution

of X whenn is sufficiently large.

Self-Test Problem 15-1. The time that it takes third graders to solvaiazte is normally distributed with a
mean of 130 seconds and a standard deviation@fdhds. The time that it takes fifth graders foesthe
puzzle is normally distributed with a mean of 1#8ands and a standard deviation of 4 seconds.

(a)
(b)

(c)
(d)
(e)
(f)
(9)
(h)
(i)
0)

Self-Test Problem 15-2. Suppose we know that the mean yearly income @asdhold in a particular state is
$40,000 and that the standard deviation is $12,000.

(@)
(b)

About what percentage of fifth graders salve the puzzle in between 106 and 114 seconds?

In what range can we be sure that the tovmlve the puzzle will fall for at least 99%aif third
graders will be?

About what percentage of fifth graders salve the puzzle in less than 118 seconds?

About what percentage of third graders s@ie the puzzle in more than 138 seconds?

What can you say about the percentagdtiofgfaders who can solve the puzzle in more thzh
seconds?

What can you say about the percentaghiaf graders who can solve the puzzle in less ii#h
seconds?

How does a fifth grader who can solveghbezle in 115 seconds compare with a third grader @an
solve the puzzle in 136 seconds relative to thdegavhich each is in?

How does a fifth grader who can solvefhezle in 107 seconds compare with a third grader @an
solve the puzzle in 107 seconds relative to thdagavhich each is in?

How much time for a third grader to sothe puzzle would be comparable to a time of 116ses for
a fifth grader to solve the puzzle?

How much time for a fifth grader to soltee puzzle would be comparable to a time of 118rsds for
a third grader to solve the puzzle?

What might we conclude about the distidoubf incomes in the state if we found that alnff4t of the
households in the state have a yearly income grtéwte $76,000?

Is it reasonable to assume that pracji@llyearly household incomes are between $4000536,0007
Why or why not?
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Answersto Self-Test Problems
(a) 68.3% (b) between 106 and 154 seconds (€y®7d) 15.85% (e) The percentage must be
somewhere between 2.3% and 15.85%. (f) The pexgeris smaller than 0.15% and can most likely
considered negligible. (g) Tlzescore of 115 seconds for the fifth grader is +1&2kl thez-score of
136 seconds for the third grader is +0.75. Reddivthe different grades, we can say that thd thir
grader is faster than the fifth grader. (h) Breore of 107 seconds for the fifth grader is —Qartl the
z-score of 107 seconds for the third grader is -2.8elative to the different grades, we can say th
the third grader is much faster than the fifth grad(i) 142 seconds (j) 104 seconds
(a) Since considerably less than 1% of itemsrioranally distributed population are more than three
standard deviations away from the mean, we wouldlcole that the yearly household incomes in th
state very likely do not have a normal distributigb) Since we do not know that the incomes are
normally distributed, we cannot be certain thatpeally all of the yearly household incomes aréwm

three standard deviations of the mean.
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Summary
Just as the distribution for a sample can be aygul with a histogram or a frequency polygon, the
distribution for a very large population can beresgnted as a smooth curve calletiasity curve. The
proportion of area under a density curve betwegmaa values on the horizontal axis representsdlaive
frequency of items which fall between the two givatues; we may also interpret this relative fretuyeas the
probability that one randomly selected item faliéwieen the two given values. The mean and standard
deviation for a population are represented respagtby u ando , while the mean and standard deviation of a

sample are represented respectivelyxbgnds.
The symmetric, bell-shaped distribution namednibrenal distribution plays an important role in

statistics, because the sampling distributiorxafith simple random sampling becomes more like ranab
distribution as the sample simencreases. A normal distribution can be descrdmgdely in terms of the
number of standard deviations that values are way the mean. Well over half of the items in amalty
distributed population are within one standard dteon of the mean; more specifically, 68.26% of dinea
under a normal density curve is betwgeno andu + 0. Most the items in a normally distributed popidat
are within two standard deviations of the mean;envspecifically, 95.4% of the area under a normabdsg
curve is betweep — 20 andu + 20. Practically all of the items in a normally dibtrted population are within
three standard deviations of the mean. Even thaugbrmal density curve extends infinitely in bdtrections
without ever touching the horizontal axis, the antaf area under the curve outside three standariiibns is
negligible; more specifically, 99.7% of the are@lena normal density curve is betwgen 30 andu + 30,
leaving only slightly more than one quarter of geecent of the area outside three standard dengtio

If x represents the value of a variable correspondairggpopulation of values with megrand standard
deviationo , then thez-score or standard score of x is the number of standard deviatioas)(x is away from the
mean [1); specifically, thez-score, or standard score xas

X—H
e

Z=

Thez-score is negative wheis less than the mean and is positive whenlarger than the mean. We can use
z-scores with any distribution, but they are priryamised with regard to normal distributions, beeaoftheir
importance in describing normal distributions. Maduex can be called eaw score. We convert a-score

back into a raw score by using

X=U+20.
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