Unit 16
Normal Distributions

Objectives:
» To obtain relative frequencies (probabilities) gedcentiles with a population having a normal
distribution
While there are many different Figure 16-1

types of distributions that a population

may have (see Figures 15-1a to 15-1f),
normal distributions are of particular 4 AN
importance in statistics. One of the e )
primary reasons normal distributions are ’
so important is because, as we have see

previously, the sampling distribution of y

with simple random sampling takes on th A .

properties of a normal distribution, with a

sufficiently large sample size Figure — 1 S—

15-2 gave us a somewhat detailed 7.81 991

description of a normal distribution in (z=+1.59)

terms of one, two, and three standard

deviations away from the mean. We have seen thatraal distribution is symmetric and bell-shapeat] that

practically all of the items in a normally distriied population are within three standard deviatmirthie mean.
We now want to describe normal distributions imiach more detailed manner than merely in terms of

one, two, and three standard deviations away flemiean. Table A.2 in the appendix provides anadsr a

normal density curve in terms biscores. A normal curve described entirely in teofe-scores is called a

standard normal curve. By converting raw scores rescores, we can use Table A.2 to find many diffeegaas

under any normal density curve. These areas undermal density curve can be interpreted as velati

frequencies or as probabilities. In addition tmgsTable A.2, statistical software packages, siskaets,

programmable calculators, etc. can also be

used to find areas under a normal densit Figure 16-2

Orange Weights Greater Than 9.91 oz.

curve. .
The figure at the top of the Table Orange Weights }f-g-sfg-:l:fmn 6.93 oz.

A.2 indicates that you can use this table : AN

directly to find the area under a normal e )

curve above any value greater than the
meany. Such an area is found by
obtaining thez-score of a value greater
than the mean and reading the
corresponding area in the body of the
table. Thez-scores in the table are allto — —=— I
two decimal place accuracy, with the 6.98 7.81

z-scores to the first decimal place (z=—0.63)

displayed as the row labels, and the

column labels providing the second decimal platiee areas in the body of the table are all giveiouo
decimal place accuracy.

To illustrate the use of Table A.2, we shall cdesiseveral examples involving the population of
weights of oranges from a particular grove. Lesugpose that the weights of oranges from the gnave a
normal distribution with meap = 7.81 oz. and standard deviatmm 1.32 0z. We shall consider finding the
percentage of orange weights that lie in a givaigeaor, in other words, the probability that oaedomly
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selected orange has a weight in the given rangpesd relative frequencies (or probabilities) wiltourse
correspond to an appropriate area under a normaitgleurve.

tTO begin, IW'? shfall find the f Figure 16-3
percentage, or relative frequency, o .
oranges that weigh more than 9.91 oz., Orange Weights Pg_sgs_r_il:han 10.66 oz.
which can also be interpreted as the A———
probability that one randomly selected = ~
orange has a weight more than 9.91 oz. .
To find this probability, we first use
p=7.81 andy = 1.32 to find the-score
of 9.91 oz. as follows: /

991- 781 ~ 1159 . _T ‘,_
132 7.81 10.66
The proportion of shaded area in Figure (z=+2.16)

16-1 is the desired probability. This
shaded area corresponds exactly to the shadethatresfigure at the top of Table A.2. The desiageéa is
found directly from Table A.2 in the row labeled and the column labeled 0.09. The probability tre
randomly selected orange weighs more than 9.9 820559 (or 5.59%).

Next, we shall find the percentage, or relatiwgfrency, of oranges that weigh less than 6.98uuch
can also be interpreted as the probability thatrandomly selected orange has a weight less tl%hdz. To
find this probability, we first usg = 7.81 and> = 1.32 to find the-score of 6.98 oz. as follows:

698-781_ .o
1.32

The proportion of shaded area in Figure 16-2 isdéred probability. This shaded area is a mimage of

the shaded area in the figure at the top of Tab® Since a normal curve is symmetric, the desared is

found directly from Table A.2 in the row labele® @&nd the column labeled 0.03. The probability tre

randomly selected orange weighs less than 6.98 622643 (or 26.43%).

e dWe canndot alr\]/vays ogtaig the | Figure 16-4

desi area e he SNGAISOMAL Orange Walghis Greater Than 6.5 o

sometimes necessary to use the fact thai h N

the total area under the standard normal A )

curve is one (or 100%) to find desired g

areas under a standard normal curve.
To illustrate, we shall find the

percentage, or relative frequency, of

oranges that weigh less than 10.66 oz., .

which can also be interpreted as the _— T

probability that one randomly selected 781

orange has a weight less than 10.66 oz. '

To find this probability, we first usg = 7.81 and = 1.32 to find the-score of 10.66 oz. as follows:

1066- 7381 _ 1216 |
1.32

The proportion of shaded area in Figure 16-3 iddsdred probability, but this shaded area doesomwespond
to the shaded area in the figure at the top ofd &ll2; however, the unshaded area in Figure 16e3 do
correspond exactly to the shaded area in the figutlee top of Table A.2. This unshaded areads fbund
directly from Table A.2 in the row labeled 2.1 ahd column labeled 0.06; since the total area uadermal
curve is equal to 1, the desired shaded area inréit6-3 is found by subtracting this entry of BaBl2 from 1.

108



The probability that one randomly selected oranggglhs less than 10.66 oz. is 1 — 0.0154 = 0.98A6 (0
98.46%).

As another illustration, we shall have you find fhercentage, or relative frequency, of orangds tha
weigh more than 6.53 oz., which can also be ingtegk as the probability that one randomly selectadge has
a weight more than 6.53 0z. Find thecore for 6.53 0z., and label the value 6.53 nzhe horizontal axis in
Figure 16-4. Then, shade the desired area underditmal curve, and use Table A.2 to obtain theelbs
probability. (You should find that thescore is —0.97, and that the probability that relomly selected
orange weighs more than 6.53 oz. is 0.8340 (0r083)9

If the desired area under the Figure 16-5
standard normal curve is in between two
given values, then we need to read Table
A.2 twice. Let us obtain the percentage, g \\
or relative frequency, of oranges that F h
weigh between 6 and 8 oz., which can al :
be interpreted as the probability that one
randomly selected orange has a weight
between 6 and 8 oz. To find this
probability, we first user = 7.81 and
o = 1.32 to find the-score of 6 0z. tobe ——T1 I —

Orange Weights Between 6 and 8 oz.

6— 781 6 7.41
132 =-137, (z=-1.37) g
' (z=+10.14)
and to find thez-score of 8 oz. to be
8= 781_ 014,
1.32
The proportion of shaded area in Figure Figure 16-6

16-5 is the desired probability. The
unshaded area below 6 oz. in Figure 16-!

is a mirror image of the shaded area in tt AN
figure at the top of Table A.2; also, the ) ’
unshaded area above 8 oz. in Figure 16- |
corresponds exactly to the shaded area i
the figure at the top of Table A.2. We fin
the total unshaded area by adding the er
of Table A.2 in the row labeled 1.3 and tF
column labeled 0.07 to the entry of Table_ — T

A.2 in the row labeled 0.1 and the columi 55 65 781

labeled 0.04; we then obtain the desired (z= _1.'75) (z.= _0_9'9)

area by subtracting this unshaded area

from 1. The probability that one randomly seleateshge weighs between 6 and 8 oz. is

1-(0.4443 + 0.0853) = 0.4704 (or 47.04%).

In the illustration just completed, the desireglaannder the standard normal curve was in between t
values, where one was belgw and the other was abope We shall now consider instances where the el sir
area under the standard normal curve is in betweewalues, where either both values are greagar|ih or
both values are less than

First, we obtain the percentage, or relative feamy, of oranges that weigh between 5.5 and 6,5 oz.
which can also be interpreted as the probabiliéy tdme randomly selected orange has a weight bet#&eand
6.5 0z. To find this probability, we first uge= 7.81 and> = 1.32 to find the-score of 5.5 0z. to be

55-781__ o
1.32

Orange Weights Between 5.5 and 6.5 oz.
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and to find thez-score of 6.5 0z. to be

65-781_ o9
132

The proportion of shaded area in Figure 16-6 iddwsdred probability. The unshaded area belovo5.5n
Figure 16-6 is a mirror image of the shaded aregherfigure at the top of Table A.2; also, if theded and
unshaded areas below 6.5 0z. are combined togatRegure 16-6, this combined area is a mirror imafthe
shaded area in the figure at the top of Table A\ find the desired area by subtracting the esftilyable A.2
in the row labeled 1.7 and the column labeled @@% the entry of Table A.2 in the row labeled arfl the
column labeled 0.09. The probability that one mnly selected orange weighs between 5.5 and 6.5 oz.
0.1611 — 0.0401 = 0.1210 (or 12.10%).

Now, we shall let you find the Figure 16-7
B el O Orange Welghts Between $.54 and 932 .
0z., which can also be interpreted as the h N
probability that one randomly selected A h
orange has a weight between 8.54 and g
9.32 0z. Find the-score for each of 8.54
and 9.32 oz., and label the values for 8.5
and 9.32 oz. on the horizontal axis in
Figure 16-7. Then, shade the desired ar
under the normal curve, and use Table A T
to obtain the desired probability. (You 781
should find that the-scoresare +0.55 and '
+1.14, and that the probability that one randorelgsted orange weighs between 8.54 and 9.32 0z16gl1
(or 16.41%).)

Since practically all of the area Figure 16-8

under a normal curve is within three 90th Percen tile_r_rt_)_i_'_r_Orange Weights

standard deviations of the mean, there ai
no z-scores in Table A.2 below —3.09 or AN
above +3.09. When one orange weight i A )
randomly selected from the population 4
with meanu = 7.81 oz. and standard

deviationo = 1.32 oz., we would consider
the probability of observing a weight
greater than 20 oz. to be practically zero

(0), because thescore of 20 0z. is +9.23. —T N —
Of course, common sense might suggest 781

us that the likelihood of finding an orange

weighing more than 20 oz. is extremely small! Kirailar fashion, we would conclude that practigalll
oranges weigh more than 2 oz. (for which the zest®r 4.40), or in other words, the probabilitysefecting an
orange weighing more than 2 oz. is one (1).

It is sometimes desirable to obtain percentilab@ercentile ranks from a density curve. We detfivee
pth percentile to be the value wipko of the total area below it and (10@)36 of the total area above it; also,
the percentage of area below a given valisedefined to be the percentile rankxofTo illustrate the use of
Table B.2 in obtaining percentiles and percentileks with a normally distributed population, welkreturn to
the population of orange weights having a normstrithiution with meamu = 7.81 oz. and standard deviation
o0=1.32o0z.

Finding the percentile rank for a valkérom a normally distributed population simply amtsito
calculating the area under the normal density cutvieh lies belowk. For instance, earlier we found the
percentage of oranges weighing less than 6.98&dwxe £6.43%; we can then say that the percentile shan
orange weighing 6.98 oz. is 26.43 or 26. Oftea,glrcent sign (%) is omitted when stating a pdileerank,
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since a percentile rank is understood to be a ptage. As another illustration, recall that wedhaveviously
found that the percentage of oranges weighingthess10.66 oz. is 98.46%; we can then say thgbéheentile
rank of an orange weighing 10.66 0z. must be 98r4B.

Finding thepth percentile of a Figure 16-9
nor'ma_lly distributed populathn amounts 30th Percentile of Orange Weights
to finding the value below which ligs P
percent of the area under the normal h N
density curve. Since a normal curve is A )
symmetric, the 50th percentile (i.e., the g
median) is equal to the mepn We
determine other percentiles by using Tak
A.2 to find thez-score of the desired
percentile and converting thisscore to a
raw score. To illustrate, we shall obtain ——7 T
the 90th percentile of the orange weights 7381
and the 30th percentile of the orange
weights.

To find the 90th percentile, we first realize ttteg 90th percentile must be greater than the media
(which is the meap), implying that thez-score of the 90th percentile must be positive. tiiée use Table A.2
to determine the desireekcore, that is, thescore of the orange weight below which lie 90%lbthe orange
weights and above which lie 10% of all the orangégis. Since the areas listed in Table A.2 ageatieas
under the normal curve above a positnarore, by searching for the area closest to @ubch is 0.1003), we
find that the desiredscore is +1.28. In Figure 16-8, label thecore +1.28 on the horizontal axis; if you draw
a vertical line through the graph at the locatibthe z-score +1.28, you should be able to see that rguifito
of the area under the normal curve lies belowzisisore, and 10% of the area under the normal dieve
above thig-score. Recall that we uges 4 + zo to convert a-score to a raw score. Convert thecore +1.28
to a raw score to obtain the 90th percentile ofdtasge weights. (You should find that the 90ticestile is
approximately 9.50 o0z.)

To find the 30th percentile of the orange weights,must first realize that the 30th percentile hings
smaller than the median (which is the mpanmplying that thez-score of the 30th percentile must be negative.
We then use Table A.2 to determine the desirscbre, that is, thescore of the orange weight below which lie
30% of all the orange weights and above which 0igof all the orange weights. The areas listeGable A.2
are the areas under the normal curve above aymsticore, but since normal distributions are symrogthie
areas listed can also be treated as the areasthedeormal curve below a negatirecore. By searching for
the area closest to 0.30 (which is 0.3015), we fiivad the desiredscore is —0.52. In Figure 16-9, label the
z-score —0.52 on the horizontal axis; if you dravedical line through the graph at the locationh&z-score
—0.52, you should be able to see that roughly 3D8eoarea under the normal curve lies below #gsore, and
70% of the area under the normal curve lies abloigescore. Use = + zo to convert the-score —0.52 to a
raw score to obtain the 30th percentile of the geaneights. (You should find that the 30th peribenig
approximately 7.12 o0z.)

We have now illustrated the use of Table A.2 itaobng desired areas under the standard normeécur
and in obtaining percentiles. Now that we havedhghly discussed normal distributions, we oncéragecall

how we have previously observed that the samplisigiloution of X with simple random samples of
sufficiently large siza, takes on the properties of a normal distributmonsequently, the sampling distribution

of X can be approximated using a normal distributiow, &e shall very shortly begin making heavy usthisf
fact.
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Sef-Test Problem 16-1. Suppose the right-hand grip strength for men betwthe ages of 20 and 40 is
normally distributed with mean 86.3 Ibs. and staddbeviation 7.8 Ibs. Draw a sketch illustratihg t
probability that one randomly selected male betwlerages of 20 and 40 will have a right-hand gnipngth

(@) over 90 Ibs., and find this probability;

(b) under 96 Ibs., and find this probability;

(c) over 70 Ibs., and find this probability;

(d) under 75 Ibs., and find this probability;

(e) between 85 and 100 Ibs., and find thibabdlity;

() between 88 and 95 Ibs., and find this pimlity;

(g) between 75 and 82 Ibs, and find this pdtg.

(h) Draw a sketch illustrating the probabilibat the right-hand grip strength for one randosgiected

male is within 4 Ibs. of the population mean, aind this probability.
(i) Find the percentile rank for a male whaght-hand grip strength is 90 Ibs.
() Find the quartiles for the distributionright-hand grip strengths.

Answersto Self-Test Problems
16-1 (a) 0.3192 or 31.92% (b) 0.898689.25% (c) 0.9817 or 98.17% (d) 0.0735 or %3¢e) 0.5283 or
52.83% (f) 0.2815 or 28.15% (g) 0.2177 or 21.7{9$0.3900 or 39.00% (i) 68.08 or 68 (j) The
guartiles are approximately 81.1, 86.3, and 91s5 Ib

Summary
A normal curve described entirely in termszcores is called standard normal curve. Tables of
standard normal probabilities (e.g., Table A.2)viite a detailed description of a normal densityetn terms
of z-scores. Using such a table together with thetfatta normal distribution is symmetric, we catadb
areas under a normal density curve, which canteepreted as relative frequencies or as probas|itind we
can obtain percentile ranks and percentiles. sSizdi software packages, spreadsheets, prograramabl
calculators, etc. are often able to supply the safoemation as a table of standard normal prolitédsl Since

the sampling distribution ok with simple random samples of sufficiently largges, takes on the properties
of a normal distribution, the sampling distributiohXx can be approximated using a normal distribution.
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