Unit 17
TheCentral Limit Theorem

Objectives:
* To understand and apply the Central Limit Theorem

We shall now make a formal statement of a fachaxe observed several times previously concerning

the sampling distribution oK. A rigorous proof of this theorem involves sonegwsophisticated mathematics.
However, in place of a formal proof we provide astantial amount of intuitive motivation to suppattat is
known as The Central Limit Theorem.

The Central Limit TheoremWhen selecting a simple random sample from arggropulation which can be
treated as an infinite population with mgaand standard deviatian, then the following are true:

(1) The mean of the sampling distributionofs My =H.
(2) The standard deviation of the samplingrithistion of X is o =0/ Vn.
(3) If the parent population is normally dilstited, then the sampling distribution wfwith samples of

sizen will be normally distributed for angy; if the parent population is not normally distributign

the sampling distribution ok can be accurately approximated by a normal digioh for sufficiently
largen.

The statement of the Central Limit Theorem we haaele here reiterates in a very precise fashion the

three facts about the sampling distributionxothat we have previously noted on several occasi®exall that
Figure 14-3a displays the distribution of the pamapulation consisting of six values each pairedne of

the six sides of a cube, Figure 14-3b displays#mpling distribution o with simple random samples of size
n = 2, and Figure 14-4 displays the sampling digtrdn of X with simple random samples of size 6. The

fact that the mean is 8 for the parent populatimhfar each of the sampling distributions fillustrates the
first of the three statements( = ) in the Central Limit Theorem.

The fact that there is less variation in the samgpdiistributions ofx than in the parent population, and

that the variation in the sampling distributionsyofdecreases as the sample sinecreases, illustrates second
of the three statements in the Central Limit Theorédowever, this second statement in the CenfraitL

Theorem does not merely say that the variatiohénsampling distributions of decreases as the sample size
increases; the Central Limit Theorem actually gives formula for finding the standard deviatioraof

sampling distribution ofx. While we have previously noted this decreasiagation with increasing sample
size, as illustrated in Figures 14-3a, 14-3b, ahd lwe have never done any computations involexartly
how much the variation decreases as the samplénsiaases. If we were to take the trouble toudate the
standard deviation for the parent population, whsat, and then take the trouble to calculate the stahd

deviation for the sampling distribution of, which iso , we would find that, = o/ vn, which is what the

Central Limit Theorem tells us. (Note: The methodcalculating the standard deviation for a popatais
actually slightly different from the calculation afsample standard deviatigrbut this difference can be treated
as negligible for our purposes.) If one were tatde time to do the appropriate calculations,waeld find
thato = 4.041 for the parent population of Figure 14-Fae Central Limit Theorem tells us that we canmy
divide o = 4.041 by the square root of the sample sizétain the standard deviation for any of the sangplin

distributions of;(.
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The fact that the sampling distribution wfwith n = 6 is bell-shaped, as seen in Figure 14-4, ithiss
the last of the three statements in the Centraltimeorem. The Central Limit Theorem actuallygels that,
regardless of what type of distribution the pagoypulation has, we can use a normal distributioacturately

approximate the sampling distribution wfwith a sufficiently large sample size n. Figudedlseems to

suggest that with simple random sample sizas=06, we can treat the sampling distributiomofs if it were a
normal distribution. This is a powerful statembatause it implies that we may use Table A.2 taiobt

probabilities aboui from a simple random sample of size 6.

By applying the Central Limit Theorem to the saimgldistribution ofX withn = 6, we would say that
this sampling distribution can be treated as a médistribution with meap. = = 8 and standard deviation

o, =0/ Vn=4.041 N6 = 1.650. We now pose the following question: Whahe probability that the value of

X obtained fromn = 6 rolls of the cube will be between 7 and 97timer words, if someone did not know that
M =8, what is the probability that, which is used to estimage = is not more than a distance of 1 below or

aboveu = 8. Since we have access to the actual samgistigbution, as displayed in Figure 14-4, we could
obtain the exact value for this probability. Theddhts of the two bars in Figure 14-4 which givehes desired
probability appear to be about 21% and 24%; moeeipely, these heights are 20.74% and 23.81%.

Consequently, the probability that the sample measbtained from a simple random sample of size6 will
be within a distance of 1 below or abqve 8 is 20.74%+23.81% = 44.55%.

Let us now obtain this same Figure 17-1
probability by using the fact that the
sampling distribution can be treated as a

normal distribution with meap., =p =38 ’ : N

s

Sample Means Between 7 and 9 with # = 6 Rolls

and standard deviaticmX =a/vn=

4.041 N6 = 1.650. To find this
probability, we first us¢r. = 8 and

0. = 1.650 to find the-score of 7 to be e

ﬂ =-137 , 7 8 0

1.65C (z=-0.61) (z—+0.61)
and to find thez-score of 9 to be

ﬂ =+061.

1.65

The probability thatx from a random sample aof= 6 rolls will be between 7 and 9 is the proportas shaded
area in Figure 17-1. The unshaded area belowFigure 17-1 is a mirror image of the shaded argherfigure
at the top of Table A.2; also, the unshaded arese® in Figure 17-1 corresponds exactly to thelstiarea in
the figure at the top of Table A.2. Since a nordisiribution is symmetric, we can find the totakhaded area
by doubling the entry of Table A.2 in the row ladx0.6 and the column labeled 0.01; we then olb&in

desired area by subtracting this unshaded areafroihe probability thak from a random sample of= 6
rolls will be between 7 and 9 is 1 — (0.2709 + 02)7= 0.4582 (or 45.82%).

The probability 45.82%, obtained using the nordistribution, is close to the probability 44.55%,
obtained directly from the sampling distributiongite 14-4). Since these probabilities concereqble
random samples of size= 6, we would then expect probability calculati@osicerning simple random samples
of sizen > 6 to be even more accurate. As another illtistrawe shall have you find the probability thia t

sample mearx from a random sample af= 10 rolls will be between 7 and 9. Find thecore for each of 7
and 9, and label the values 7 and 9 on the hoaramts in Figure 17-2. Then, shade the desired ander the
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normal curve, and use Table A.2 to obtain the ddgirobability. (You should find that tlzescores are —0.78

and +0.78, and that the probability that the prdigithat X from a random sample af= 10 rolls will be
between 7 and 9 is 0.5646 (or 56.46%).)
It should certainly come as no Figure 17-2

surprise that the probability that will be Sample Means Between 7 and 9 with » = 10 Rolls
between 7 and 9 increases as the sampls

size increases. We should expect the

probability of obtaining a sample mean

close tou to increase with larger simple

random sample sizes. One could ask ho

large the simple random sample size mu:

be in order that the probability of

obtaining x between 7 and 9is very large
say around 95%. The answer to this
particular question is that the simple 8
random sample size must be at least63 rolls. In general, to find the simple randsample size needed to
insure that the probability of obtaining a sampkamno more thathaway fromy is at least 95%, one can
solve the equatiod = 1.96 /n for n; the value 1.96 is in the equation because-#eores between which lies
95% of the area under a standard normal densityecne —1.96 and +1.96.

How large does a simple random sample sikave to be in order for us to be able use a normal

. N
- N,
\

g

distribution to obtain reasonably accurate proli#slinvolving X? In other words, how large does the simple

random sample sizehave to be in order to treat the sampling distidouof X as a normal distribution? There
is no single answer to this question. The answpedds on how different the distribution of thegpér
population is from a normal distribution. With tharent population consisting of the six value§,®, 10, 11,

and 12, whose distribution is displayed in Figu4e3a, sampling distributions of with simple random
samples of siza > 6 appear to be reasonably close to normal kigtans. When the distribution of the parent
population is extremely skewed (such as in Figtifede or 15-1f) or has other characteristics thaitanit very
different from a normal distribution, a very larggmple siz& may be necessary before the sampling

distribution of;( can be treated as a normal distribution. On therdhand, if the distribution of the parent
population is very close to being a normal distitr, or actually is a normal distribution, ther ttampling

distribution of X can be treated as a normal distribution for amp random sample size.

Recall that each of Figures 16-1 through 16-7ldispthe density curve for the population of wesgbit
oranges from a particular grove where the weightela normal distribution with mean= 7.81 oz. and
standard deviatioo = 1.32 oz. Since this parent population has aabdistribution, we may assume that the

sampling distribution o is a normal distribution for any random sample siz Let us now pretend that we
do not know that the mean orange weight for theufadijon isp = 7.81 oz. (even though we really do know),
and it is our intention to estimate this populatinean with the mean from a simple random samptgaige
weights. Further suppose that we are interestéukiprobability that our estimate is within 0.z2hoas of the
population mean, that is, between 7.61 oz. and &O01First, we shall consider basing our estinoate = 1
randomly selected orange weight (which of courghessmallest possible sample size we could ewa'ha
then onn = 9 randomly selected orange weights, and firahliy = 25 randomly selected orange weights. We,

of course, expect the probability thatis within 0.2 ounces of the population mean toease as increases.

We begin by considering the probability that caedomly selected orange weight is within 0.2 ounces
of the population mean. To find this probabilitye first usqu = 7.81 andy = 1.32 to find the-score of 6 oz. to
be

761-781_ o
1.32

and to find thez-score of 8 0z. to be
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801- 781 _
1.32

The proportion of shaded area in Figure Figure 17-3
17-3 is the desired probability. The
unshaded area below 7.61 in Figure 17-Z

is a mirror image of the shaded area in tt / AN

figure at the top of Table A.2; also, the A N
unshaded area above 8.01 in Figure 17-: 4
corresponds exactly to the shaded area i

the figure at the top of Table A.2. Since :
normal distribution is symmetric, we can

find the total unshaded area by doubling
the entry of Table A.2 in the row labeled - e

-+ 015 .

Orange Weights Between 6 and 8 oz.

0.1 and the column labeled 0.05; we ther - 81
obtain the desired area by subtracting thi '
unshaded area from 1. The probability (z= _07_'1651) %(320:1 +0.13)

that one randomly selected orange weigt..
will be within 0.2 ounces of the population mean is (0.4404 + 0.4404) = 0.1192 (or 11.92%).

Next, we consider the probability that the sannphsan;( for a simple random sample of 9 orange
weights is within 0.2 ounces of the population me@n find this probability, we first note that =p =7.81

and standard deviaticmx =0/vn=1.32 W9 = 0.44. We then find the z-score of 7.61 ohdo

_ Figure 17-4
761-781

W =-045, Sample Mean Orange Weights Between 6 and 8 oz. with n=9
and find thez-score of 8.01 oz. to be / A

801- 781 4045

0.44

The proportion of shaded area in Figure
17-4 is the desired probability. The R ~—
unshaded area below 7.61 in Figure 17- 781

is a mirror image of the shaded area in t
figure at the top of Table A.2; also, the
unshaded area above 8.01 in Figure 17-~
corresponds exactly to the shaded area in thedfiguthe top of Table A.2. Since a normal distidiuis
symmetric, we can find the total unshaded areadoyplihg the entry of Table A.2 in the row labeled @nd the
column labeled 0.05; we then obtain the desired hyesubtracting this unshaded area from 1. Tobaility

that X from a simple random samplemf 9 orange weights will be within 0.2 ounces @& gopulation mean
is1—(0.3264 + 0.3264) = 0.3472 (or 34.72%).

Notice that the shaded area in Figure 17-4 islattgan the shaded area in Figure 17-3, even thiough
both figures the shaded area represents the adea amormal density curve between 7.61 oz. and &0 It is
important to realize that the two density curvesrast drawn to the same scale. Since Figure Epi&sents
the normal density curve for the parent populataord Figure 17-4 represents the normal densityeciowvthe

sampling distribution o with n =9, there is actually much less variation indleesity curve of Figure 17-4
than in the density curve of Figure 17-3. This lddee apparent if we were to draw the two dengityes to
the same scale.

Finally, we consider the probability that the s&npean?( for a simple random sample 0f 25
orange weights is within 0.2 ounces of the popotathean. To find this probability, we first nobat

761 8.01
(z =-0.45) (= +0.45)
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M- =p=7.81 and standard deviation =0 /vVn=1.32 K25 = 0.264. We then find the z-score of 7.61 0z. t
be

_ Figure 17-5
761- 781

W =-076, Sample Mean Orange Weights Between 6 and 8 oz. with n=25
and find thez-score of 8.01 oz. to be /

801- 781: +076 .

0.264

The proportion of shaded area in Figure /
17-5 is the desired probability. The _— ~—
unshaded area below 7.61 in Figure 17 _—

is a mirror image of the shaded area in 761 201
the figure at the top of Table A.2; also, 76y (2 240 76

the unshaded area above 8.01 in Figurc < 76) 2 70)

17-5 corresponds exactly to the shaded area ifigine at the top of Table A.2. Since a normatriisition is
symmetric, we can find the total unshaded areadoplihg the entry of Table A.2 in the row labeled @nd the
column labeled 0.06; we then obtain the desired byesubtracting this unshaded area from 1. Tobaility

that X from a simple random samplem& 25 orange weights will be within 0.2 ouncesh# population mean
is1—(0.2236 + 0.2236) = 0.5528 (or 55.28%).

Notice that the shaded area in Figure 17-5 islafgan the shaded area in each of Figures 17-3 and
17-4, even though in all figures the shaded arpgesents the area under a normal density curvecketw.61
oz. and 8.01 oz. Once again, it is important &ize that the three density curves are not drathe same
scale. Since Figure 17-3 represents the normalityesurve for the parent population while Figut§s4 and

17-5 represent the normal density curves for tihapsiag distributions ofx with n = 9 andn = 25 respectively,
there is actually much less variation in the dgmnsitrve of Figure 17-5 than in the density curvé-igfure 17-4,
just as there is actually much less variation eaxdbnsity curve of Figure 17-4 than in the densitye of
Figure 17-3. This would be apparent if we werdrmw the density curves to the same scale.

As expected, the probability that from a simple random sample of orange weights léllvithin 0.2

ounces of the population mean increases as theleampn increases. In other words, our chances xhaiill
estimate the population mean to within 0.2 oz.ease as our simple random sample size increadeoue,

this is the same as saying that our chancesxhaiil be more than 0.2 oz. away from the populatiogan
decrease as our simple random sample size increases
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Self-Test Problem 17-1. In Self-Test Problem 16-1, we were told thatrigbt-hand grip strength for men
between the ages of 20 and 40 is normally distitbutith mean 86.3 Ibs. and standard deviationbas8 |

(a)
(b)
(€)
(d)
(e)
(f)

(9)
(h)
(i)

)

(k)

()

(m) Should a simple random sample of 10 maiésa mean right-hand grip strength of 87.8 Ites. b

(n)

Self-Test Problem 17-2. The mean yearly income per household in a paaticagion is to be estimated by
selecting a simple random sample of householdhtaining the sample mean yearly income per houdeho
It is believed that the distribution of yearly imoes is positively skewed and that the standardatiewi in the
region is about $8000.

(@)
(b)

(c)
(d)
(e)
(f)
(9)

Draw a sketch illustrating the probabitityat the right-hand grip strength for one randosdiected
male is within 4 Ibs. of the population mean, aind this probability.

Draw a sketch illustrating the probabilityat the mean right-hand grip strength for a semphdom
sample of 4 males is within 4 Ibs. of the populatioean, and find this probability.

Draw a sketch illustrating the probabilityat the mean right-hand grip strength for a semphdom
sample of 9 males is within 4 Ibs. of the populatioean, and find this probability.

Draw a sketch illustrating the probabilityat the mean right-hand grip strength for a semphdom
sample of 25 males is within 4 Ibs. of the popolatmean, and find this probability.

Draw a sketch illustrating the probabitityvat the right-hand grip strength for one randosdiected
male is within 2 Ibs. of the population mean, aind this probability.

Draw a sketch illustrating the probabilthat the mean right-hand grip strength for a semphdom
sample of 4 males is within 2 Ibs. of the populatioean, and find this probability.

Draw a sketch illustrating the probabilityat the mean right-hand grip strength for a semphdom
sample of 9 males is within 2 Ibs. of the populatioean, and find this probability.

Draw a sketch illustrating the probabilityat the mean right-hand grip strength for a semphdom
sample of 25 males is within 2 Ibs. of the popolatnean, and find this probability.

Draw a sketch illustrating the probabilihat the right-hand grip strength for one randosdiected
male is more than 1.5 Ibs. away from (below or &)dlie population mean, and find this probability
Draw a sketch illustrating the probabilthat the mean right-hand grip strength for a ssmpphdom
sample of 10 males is more than 1.5 Ibs. away f{teetow or above) the population mean, and find t
probability.

Draw a sketch illustrating the probabilihat the mean right-hand grip strength for a semphdom
sample of 300 males is more than 1.5 Ibs. away f{lmtow or above) the population mean, and find
this probability.

Should a male with a right-hand grip sgigmof 87.8 Ibs. be considered extremely unuswstyy or
why not?

considered extremely unusual? Why or why not?
Should a simple random sample of 300 maldsa mean right-hand grip strength of 87.8 Hs.
considered extremely unusual? Why or why not?

Why can we not expect to use the nornsfidution to accurately find the probability thhe yearly
income for one randomly selected household is wi#ii200 of the population mean?

Why might we reasonably expect to usenttrenal distribution to accurately find the probéagpithat
the mean yearly income for a simple random samipfehouseholds is within $1200 of the populatio
mean, if sayn = 25?

Draw a sketch illustrating the probabilityat the mean yearly income for a simple randompéa of 25
households is within $1200 of the population mesaug, find this probability.

Draw a sketch illustrating the probabilibat the mean yearly income for a simple randompda of
100 households is within $1200 of the populatiommend find this probability.

Draw a sketch illustrating the probabitityat the mean yearly income for a simple randompda of
400 households is within $1200 of the populatiomamend find this probability.

Is it very unlikely to select a simple dom sample of 25 households with a sample meameaqzer
household more than $1200 away from (below or apthveepopulation mean? Why or why not?

Is it very unlikely to select a simple dam sample of 400 households with a sample meamiager
household more than $1200 away from (below or apthvepopulation mean? Why or why not?

his

—
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Strictly speaking, the Central Limit Theorem camsea parent population which can be treated as an
infinite population. In a very large number of gieal situations, this is a reasonable assumptionever,
there are special cases where it is not reasot@hbieat the parent population as infinite. Supdsr instance,
thatn = 5 accounts are to be selected from a populati@d accounts in order to perform a very time
consuming audit. A parent population consistingmfy 25 items certainly cannot be treated as it&fin

But wait! You may be thinking to yourself thatrquarent population corresponding to the six-sided
cube was certainly not infinite. However, thera isig difference between rolling the cube andcéiglgn = 5
out of the 25 accounts. The difference is thatwindling the cube, it is certainly possible that same side
will be facing up repeatedly, which in effect salyat we may select the same side over and oven dyati
when selectingn = 5 out of the 25 accounts for auditing, it doesmake sense to select the same account
multiple times. The fact that the same side ofctlilge can occur multiple times is what makes the
corresponding parent population infinite; the fhett we do not want to select an account multiphes$ is what
makes the corresponding parent population finite.

Allowing items in a population to be selected riplét times is calledampling with replacement; not
allowing any item in a population to be selectedearthan once is callezhmpling without replacement.
Sampling with replacement always implies that weg e@nsider our parent population to be infinite héi
sampling without replacement from a population aonhgN items, we may treat the parent population as
infinite, if the sample siza is only a very small fraction of the populatiomesN. This is often true in many
practical situations, but this is not true in tlase where = 5 accounts are to sampled frohs 25 accounts. In
situations where we cannot treat the parent papulais infinite, the Central Limit Theorem canldi# applied

with the following modification: in place af . =o/ vn, we would haver. =c(o/ vn) wherec =

\/(N -n)/(N —1) . We callc thefinite population correction factor.

Since the finite population correction factor eeded only in special cases, we shall always assume
(unless otherwise stated) that a parent populatorbe treated as infinite. We have stated thie foopulation
correction factor here mostly for the sake of beirfgrmative and to be complete in our discussibthe
Central Limit Theorem, not because we shall needdke heavy use of it.

Answersto Self-Test Problems

17-1 (&) 0.3900 or 39.00% (b) 0.698069.70% (c) 0.8764 or 87.64% (d) 0.9896 or 8%9(e) 0.2052 or
20.52% (f) 0.3900 or 39.00% (g) 0.5588 or 55.88990.7794 or 77.94% (i) 0.8494 or 84.94%
(j) 0.5418 or 54.18% (k) practically 0 or 0% $ince about 42.47% of all males have a right-harpl
strength farther above the population mean tha 188. ¢ = +0.19), we cannot consider this extreme
unusual. (m) Since 27.09% of all simple randompamof 10 males have a mean right-hand grip
strength farther above the population mean tha® I88. ¢ = +0.61), we cannot consider this extreme
unusual. (n) Since less than 0.1% of all simpheloan samples of 300 males have a mean right-hand
grip strength farther above the population mean 8¥a8 Ibs. £ = +3.33), we should consider this
extremely unusual.

17-2  (a) Since the distribution of yearly incomes isifigely skewed in the parent population, the ndrma
distribution will probably not provide a good appiration. (b) If we are willing to assume thrat 25

is sufficiently large, then we may reasonably tthatsampling distribution ok as a normal
distribution. (c) 0.5468 or 54.68% (d) 0.866486164% (e) 0.9974 or 99.74% (f) Since 45.32%llof|a
simple random samples of 25 households have a meame more than $1200 away from the

population mean, we cannot consider this very ehik (g) Since only 0.26% of all simple random
samples of 400 households have a mean income mame$200 away from the population mean, we
should consider this very unlikely.

o
<

<
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Summary
The Central Limit Theorem says that when selecisgnple random sample from a parent population
which can be treated as an infinite population witranu and standard deviatian then the following are true:

(1) The mean of the sampling distributionofs Mo =M.
(2) The standard deviation of the samplingyithistion of X is o =0/ Vn.

(3) If the parent population is normally dilstited, then the sampling distribution ®fwith samples of
sizen will be normally distributed for angy; if the parent population is not normally distributibn

the sampling distribution ok can be accurately approximated by a normal digioh for sufficiently
largen.

How large the simple random sample siZgas to be in order to treat the sampling distidoubf X as a normal
distribution depends on how different the distribntof the parent population is from a normal disttion.
When the distribution of the parent populationX@mely skewed or has other characteristics tlakenit very
different from a normal distribution, a very largg@mple siz& may be necessary before the sampling

distribution of X can be treated as a normal distribution; if thetridtiution of the parent population is very close

to being a normal distribution, or actually is amal distribution, then the sampling distributidn can be
treated as a normal distribution for any simpledan sample size.

Allowing items in a population to be selected nplét times is calledampling with replacement; not
allowing any item in a population to be selectederthan once is calleshmpling without replacement.
Sampling with replacement always implies that wg e@nsider our parent population to be infinite hét
sampling without replacement from a population aonhgN items, we may treat the parent population as
infinite if the sample siza is only a very small fraction of the populatiomesN, and this is often the casén
situations where we cannot treat the parent padpulais infinite, the Central Limit Theorem canldi# applied

with the following modification: in place af, =o/ vn, we would haver. =c(o/ vn) wherec =

\/(N -n)/(N —1) . We callc thefinite population correction factor.
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