Unit 19
For mulating Hypotheses and M aking Decisions

Objectives:
* To formulate a null hypothesis and an alternatiyedthesis, and to choose a significance level
* Toidentify the Type I error and the Type Il ermora hypothesis test
* To understand the role that sampling error playsypothesis testing
» To understand several definitions and conceptagsd with hypothesis testing

Our primary reason for studying the propertiethefsampling distributions ok andf) is to begin

exploring the kinds of conclusions that we may malBeut a population parameter, sucluas A , from a
simple random sample. Drawing a conclusion ab@arameter, such asor A, from observing a statistic,

such asx and?) is what inferential statistics is all about. Ttpe of inferential statistics that we shall

consider first is known asypothesistesting. Presently, we shall consider several of the teems and new
concepts which are important in hypothesis testisfjerwards, we shall define a hypothesis testeanor
formally.

To begin our discussion of hypothesis testingcamsider the claim of the manufacturer of a paldicu
lighter that the lighter will ignite on the firatyt75% of the time. To check this claim, we coalfain a simple
random sample of observations by trying the ligh®reral times. Based on the results we obseowe the
simple random sample, we draw our conclusion cariegwhether or not we believe the manufacturéaisnc
In this illustration, the sample consists of thed@am observations that we actually make when weeighe
lighter, and the population from which the sampleelected consists of all the observations thatoué ever
possibly make from igniting the lighter. The pagder of interest is the long term proportion ofdsrihe
lighter will ignite on the first try out of all psthle attempts to ignite the lighter, and it seeeasonable that the
statistic on which to base our conclusions abastgbpulation parameter should be the sample ptiopoof
times the lighter ignites on the first try.

It would not be a sound procedure to concludettimpopulation proportion is different from 0.75
(which is what the manufacturer claims) simply hessathe proportion in a simple random sample irattly
equal to 0.75. Even if the population proportisexactly 0.75 (as the manufacturer claims), th@gtion in a
simple random sample will most likely not be exaettjual to 0.75 because of the random variatiohekiats
in a sampling distribution. This random variatiora sampling distribution is calledmpling error. Sampling
error does not refer to a mistake or error thatesome has made,; it refers only to the natural varighat
occurs with random selection. The whole purpodeypbthesis testing is to decide whether or not the
difference between a hypothesized value for a @djou parameter and the value of a statistic oleskhv a
simple random sample can be reasonably attribotedrhpling error.

Performing a hypothesis test is analogous to cctimsiya court trial. In a court trial we must dii
whether the defendant is guilty or innocent. Emitteis collected and presented. The evidence tineistbe
evaluated. Based on the evaluation of the evidemuerdict is then returned. Let us now see hexopming a
hypothesis test is analogous to the process ohiega verdict in a court trial.

The purpose of a hypothesis test is to decidelwbiidwo competing hypotheses should be believed;
however, we do not treat these two hypothesesaime s Consider the court trial where the two hyps#s are
"The defendant is innocent" and the "The defendagtilty.” Since the court trial proceeds under t
assumption that the defendant is innocent untiktiesufficient evidence that the defendant istguihe
hypothesis stating "The defendant is innocent$&imed to be true at the outset, unless and heti fs
sufficient evidence suggesting that we should kelibe hypothesis "The defendant is guilty.” Tikiprecisely
how a hypothesis test is performed. One of thehyyntheses is assumed to be true at the outskthame is
sufficient evidence indicating that the other hyyasis is true.

In a hypothesis test, the hypothesis which israsslto be true at the outset is calledritié
hypothesis. The hypothesis for which sufficient evidenceeguired before it will be believed is called the
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alternative hypothesis (or sometimes also called thesearch hypothesis). In the illustration concerning the
lighter, we are trying to decide whether or nobétieve the manufacturer's claim that the lightérignite on
the first try 75% of the time. If you imagine thihe manufacturer's claim is on trial, you will sbat we
assume the claim to be true at the outset, unfessiatil we find sufficient evidence to suggest titee claim is
not true. In other words, "The lighter will ignite the first try 75% of the time" is the null hypesis and "The
lighter will not ignite on the first try 75% of thiene" is the alternative hypothesis.

In either a hypothesis test or a court trial, we entify two types of errors which can occumeQype
of error is to believe the alternative hypothesigewin reality the null hypothesis is true; thisédled aType |
error. The other type of error is to believe the nylbbthesis when in reality the alternative hypothésirue;
this is called &ypell error. In a court trial, the null hypothesis is "Thdatedant is innocent,” and the
alternative hypothesis is "The defendant is guijlegnsequently, in a court trial, a Type | errocéscluding
that the defendant is guilty when in reality théeielant is innocent, and a Type |l error is concigdhat the
defendant is innocent when in reality the defendagtilty. In the illustration concerning thehigr, a Type |
error is concluding that the lighter will not igaibn the first try 75% of the time when in reatitg lighter will
ignite on the first try 75% of the time, and a Typerror is concluding that the lighter will igeiton the first try
75% of the time when in reality the lighter willtignite on the first try 75% of the time.

The Type | error is generally treated as the nsereous error. For instance, in a court trial |al®eg an
innocent defendant to be guilty is considered aenserious error than declaring a guilty defendauiet
innocent. Of course, we would prefer never malditiger type of error, but since we have to livehvihie fact
that making errors is unavoidable, we are faced thieé choice of which error to guard against mdosety.
The fact that we choose to guard more closely agaiaking a Type | error than against making a Typeror
is the reason why court trials and hypothesis @& structured the way they are.

A significance level is defined to be the highest probability of maken@ype | error that we are willing
to tolerate. In a court trial, the criteria fodibging that the defendant is guilty is typicallyat there be "no
reasonable doubt," but this is practically impolestb quantify in terms of a probability. In a lotpesis test,
however, we can choose a specific probability farignificance level. In the illustration concempthe
lighter, ask yourself what probability could youdiwith for concluding that the lighter will notrige on the
first try 75% of the time when in reality the lightwill ignite on the first try 75% of the time (dn other words,
what probability could you live with for concludirigat the manufacturer’s claim is false when iditgéhe
claim is true) . ldeally, of course, we would hakies probability be zero, but this is not pradtisance, as we
have already stated, the chance of making an isrgming to be unavoidable. Commonly chosen sicarifce
levels are 0.10, 0.05, and 0.01, and the Greedr etfalpha) is used to denote the significance level.

With a given sample sizeg the probability of making a Type Il error increasas we decreaaeg(our
chosen probability of making a Type | error). BEas reason we may want to avoid choosing be too small.
Let us suppose that in the illustration concerrivgglighter, we choose a significance leveticf 0.10. This
implies that we can tolerate a 0.10 probabilitydoncluding that the lighter will not ignite on thiest try 75%
of the time when in reality the lighter will ignitan the first try 75% of the time. In other word& are willing
to live with a 0.10 probability of believing thditet manufacturer's claim is false when in realigy¢taim is true.

As a general rule in a hypothesis test about alptipn parameter such as the null hypothesis is a
statement of equality, i.e., a statement that #rarpeter is equal to a specific hypothesized vahee;
alternative hypothesis is a statement of inequaditgh as a statement that the parameter is nat exthe
hypothesized value. In the illustration concerrimg lighter, we make a decision about which hypsithto

believe by looking at the difference between theda proportion?) which is a statistic, and the hypothesized

proportion 0.75. If this difference falls withihg bounds we would expect from sampling error, (i@dom
variation), then we have no reason to doubt thretilpothesized proportion 0.75 is correct; buhis difference
cannot be reasonably attributed to sampling etinen) we are inclined to believe that the hypottezsiz

proportion 0.75 is not correct. In other wordg tlifference between the sample proportjprand the

hypothesized proportion 0.75 plays the same rotiirhypothesis test that the evidence againsdéfendant
plays in a court trial.

How can we tell if the difference between the slaanpmoportion?) and the hypothesized proportion
0.75 falls inside or outside the bounds we wouldeek from sampling error? We use our knowledgewlith a
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sufficiently large sample size the sampling distributiorT) can be treated as a normal distribution. Since we
know that practically all of the area under a ndrdssity curve is within two or three standardiddans of

the mean, a difference betwegnand 0.75 of more than two or three standard dewistvould make it very
difficult for us to believe that this differenceatred as a result of random variation; we wouldrioee
inclined to believe that this unusually large diffiece occurred because the hypothesized 0.75 neict.

Our suggestion that a difference of more tharetlstandard deviations between the sample proportion

T) and the hypothesized proportion 0.75 inclinesouselieve that the hypothesized 0.75 is not corsegot a
very precise description of exactly how much evaeagainst the null hypothesis is required to belibe

alternative hypothesis. However, the choice afificance leveh tells us precisely how strong our evidence
against the null hypothesis must be in order faiouselieve the alternative hypothesis. Once wee ldtained

the value ofp in our sample, we can calculate the probabilitplaining a sample proportion farther away
from (below or above) 0.75 under the assumptiontti@hypothesized 0.75 is correct. If this praliglis
smaller than the significance lewe| then the fact that our sample is so unlikelyartte assumption that the
hypothesized 0.75 is correct leads us to beliexe@tY5 is not correct; if this probability is l@rghan the
significance levetr , then the fact that our sample is not unlikelgemthe assumption that the hypothesized
0.75 is correct does not provide us with suffidgstrong evidence to doubt that 0.75 is correct.

To illustrate, imagine that you observe a simpledom sample af = 300 attempts to ignite the lighter,
and you find that the lighter ignites on the firgtin 214 of these attempts. The sample propomiosuccesses

is T) = 214/300 = 0.7133, which is a distance of 0.T674.33 = 0.0367 away from the hypothesized 0.7®. T
decide whether this difference falls inside or méshe bounds we would expect from sampling emer shall
calculate the probability of obtaining a samplegamtion farther away from (below or above) 0.75denthe
assumption that = 0.75 is the population proportion of times tighier will ignite on the first try (i.e., under
the assumption that the null hypothesis is true).

We shall obtain this probability by using the fawt the sampling distribution cﬁ can be treated as a
normal distribution. Under the assumption thatrib hypothesis is true, this sampling distribativas mean

hy = A =0.75 and standard deviatio% = \/(0.75)(1— 0.75)/300 = 0.025. To find the probability theﬁ

from a simple random sample £ 300 attempts to ignite the lighter will be méiman 0.0367 away from
(below or above) the hypothesized 0.75, we first usg o = 0.75 andyp = 0.025 to find the-score of

0.7133 to be

0.7133- 0.75 _ Figure 19-1
0.02¢% =-147, Sample Proportions More Than 0.0367 Away

From the Hypothesized 0.75 with n = 300
and thez-score of 0.7867 to be

0.7867-075_, ., y
0.02¢ '

This desired probability is the proportion
of shaded area in Figure 19-1. The shad pam N

area below 0.7133 in Figure 19-1is a - +

mirror image of the shaded area in the -
figure at the top of Table A.2; also, the
shaded area above 0.7867 in Figure 19-: 0.7133 0.75 0.7867

corresponds exactly to the shaded area i (z=-1.47) (z=+1.47)

the figure at the top of Table A.2. Since a nordisfribution is symmetric, we can find the totahded area by

doubling the entry of Table A.2 in the row labelied and the column labeled 0.07. The probabiﬁmﬁ

from a simple random sample £ 300 attempts to ignite the lighter will not betlveen 0.7133 and 0.7867 is
0.0708 + 0.0708 = 0.1416 (or 14.16%).

.
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Earlier, we chose a significance levelbof 0.10. In order to be convinced that the hypsittesl
A =0.75 is not correct, the probability of obtaimia sample proportiop farther away from the hypothesized

A = 0.75 than the observed sample proporti)n,: 214/300 = 0.7133, must smaller than our sigaifae level
o = 0.10. Since we found this probability to bedl8, which is not smaller than= 0.10, the simple random
sample we observed witp = 214/300 = 0.7133 does not provide us with sigdficevidence to convince us

that the hypothesized= 0.75 is not correct.

Let us now instead imagine that when you obsesienple random sample af= 300 attempts to ignite
the lighter, you find that the lighter ignites dreffirst try in 210 of these attempts. The sarpptgortion of
successes i = 210/300 = 0.70, which is a distance of 0.75706: 0.05 away from the hypothesized 0.75.
To decide whether this difference falls inside otsade the bounds we would expect from samplingrewe
shall calculate the probability of obtaining a séammroportion farther away from (below or abovejs).under
the assumption that= 0.75 is the population proportion of times tiglter will ignite on the first try (i.e.,
under the assumption that the null hypothesiduis)tr

We shall obtain this probability by using the fawt the sampling distribution gb can be treated as a
normal distribution; as before, under the assumgtiat the null hypothesis is true, this samplirggridbution

has meami = A =0.75 and standard deviatiol% = \/(0.75)(1— 0.75)/300 = 0.025. To find the probability

thatT) from a simple random samplef 300 attempts to ignite the lighter will be ménan 0.05 away from
(below or above) the hypothesized 0.75, we first usg = 0.75 ande = 0.025 to find the-score of 0.70

to be

070- 075 _ Figure 19-2
0.02t —200, Sample Proportions More Than 0.05 Away
T From the Hypothesized 0.75 with # = 300
and thez-score of 0.80 to be N
080- 075 ~ 4200 . Ve
0.02¢ :

This desired probability is the proportion
of shaded area in Figure 19-2. The shad
area below 0.70 in Figure 19-2 is a mirro e

image of the shaded area in the figure at

the top of Table A.2; also, the shaded ar¢ —
above 0.80 in Figure 19-2 corresponds 0.70 0.75 0.80
exactly to the shaded area in the figure a (z=-2.00) (z=+2.00)

the top of Table A.2. Since a normal distributisisymmetric, we can find the total shaded areddupling
the entry of Table A.2 in the row labeled 2.0 amel ¢column labeled 0.00. The probability thatfrom a

simple random sample af= 300 attempts to ignite the lighter will not betlwween 0.70 and 0.80 is
0.0228 + 0.0228 = 0.0454 (or 4.54%).
In order to be convinced that the hypothesixed0.75 is not correct, the probability of obtampia

sample proportiorf) farther away from the hypothesized 0.75 than the observed sample proportion,

p =210/300 = 0.70, must smaller than our signifeeatevelo = 0.10. Since we found this probability to be

0.0454, which is not smaller thar= 0.10, the simple random sample we observed ﬁith 210/300 =0.70
provides us with sufficient evidence to convincehat the hypothesized= 0.75 is not correct.

We have now seen that with a significance level 6f0.10, the sample proportio?) =214/300 =
0.7133 does not offer sufficiently strong evideagainst the hypothesizéd= 0.75, whereas the sample
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proportion?) = 210/300 = 0.70 does give us sufficiently strenglence against the hypothesized 0.75.

Note that our conclusion in each situation woultict@mnge if we chose a significance levetiof 0.05 instead;
however, if we chose a significance levebof 0.01, neither situation would provide us witfffigiently strong
evidence against the hypothesi2ed 0.75.

In a court trial, deciding whether or not the @nde is sufficiently strong to believe that theethefant
is guilty (i.e. sufficiently strong against the hiaypothesis of innocence) often involves subjexjisdgment. In
our hypothesis test, deciding whether or not thdexnce is sufficiently strong to believe the altdive
hypothesis (i.e. sufficiently strong against thé hypothesis) was simply a matter of deciding viteetor not

the probability of obtaining a larger differenceaveeen the observed sample proportf)nand the hypothesized

A = 0.75 is smaller than the chosen significancelley however, the choice of the significance lewés a
matter of subjective judgment.

We see then that except for the probability caltohs that we employ, the manner in which we neake
decision in a hypothesis test and the manner iclmivie make a decision in a court trial are venyjlaim Thus
far, we have only introduced the basic general eptxin hypothesis testing. Next, we shall diseuksmal
four-step process for performing any hypothesit tes

Self-Test Problem 19-1. City officials wish to perform a hypothesis t&ssee if there is any evidence that tHe
proportion of senior citizens among all the passengho ride the city bus is different from 0.3.
(a) State the null and alternative hypotheses.
(b) Identify which of the following is a Tygdesrror and which of the following is a Type Il err
() concluding that the proportion of paisgers who are senior citizens is 0.3, when irityethle
proportion of senior citizens is 0.3;
(if) concluding that the proportion of pasgers who are senior citizens is 0.3, when intyethle
proportion of senior citizens is different fron80
(i) concluding that the proportion of pasgers who are senior citizens is different frof) @then
in reality the proportion of senior citizens i80
(iv) concluding that the proportion of pasgers who are senior citizens is different from @Ben
in reality the proportion of senior citizens iffetent from 0.3.

(c) Suppose that a simple random sample ofp@S8engers is selected, and the sample propq_ntioh

senior citizens is obtained. Why can we treatstmapling distribution of?) as a normal distribution,

under the assumption that the hypothesized.3 is correct?
(d) Do each of (i) through (iv) which follownder the assumption that the hypothesixed0.3 is correct.

(i) Find the mean and standard deviat@ritie sampling distribution op with simple random

samples of size 350.
(if) Suppose that in a simple random sampl@50 passengers, 126 are found to be seniaengi

Find the sample proportiop of senior citizens, and find tlzescore for this sample proportio

(i) Find the probability of obtaining arsgle proportion farther away from (below or abotre
hypothesized = 0.3 than the one calculated in part (ii).

(iv) Decide whether the random sample of B&fsengers with 126 senior citizens provides
sufficient evidence against the hypothesized0.3 for us to believe that the population
proportion is different from 0.3, if a

significance level oft = 0.10 is chosen,
significance level oft = 0.05 is chosen,
significance level oft = 0.01 is chosen.

—

(continued next page)
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Self-Test Problem 19-1 (continued from previous page)
(e) Do each of (i) through (iv) which followder the assumption that the hypothesized0.3 is correct.

(i) Find the mean and standard deviatmrtlie sampling distribution op with simple random

samples of size 700.
(i) Suppose that in a simple random samplé00 passengers, 252 are found to be seniaenii

Find the sample proportiop of senior citizens, and find ttzescore for this sample proportio

(i) Find the probability of obtaining arsple proportion farther away from (below or abotred
hypothesized = 0.3 than the one calculated in part (ii).

(iv) Decide whether the random sample of F@fsengers with 252 senior citizens provides
sufficient evidence against the hypothesixed0.3 for us to believe that the population
proportion is different from 0.3, if a

significance level oft = 0.10 is chosen,
significance level oft = 0.05 is chosen,
significance level oft = 0.01 is chosen.

-

Answersto Self-Test Problems
19-1 (a) The null hypothesis is "The proportion of semitizens among all passengers is 0.3"; therstére
hypothesis is "The proportion of senior citizenamall passengers is different from 0.3".
(b) Statement (iii) is the Type | error, and stagat (i) is the Type Il error.

(c) We may treat the sampling distribution?)fwith n = 350 as a normal distribution because
350(0.3) = 105 and 350(1 — 0.3) = 245 are bothtgré¢han 5.
(d) Wy = 0.3 anch = 0.02449.

(il) The sample proportiop is 126/350 = 0.36, and tlzescore is +2.45.

(iii) 0.0142

(iv) Since 0.0142 is smaller than the siigaifice level 0.10, the sample provides sufficiemence
against the hypothesizad= 0.3 witha = 0.10.
Since 0.0142 is smaller than the significancell&05, the sample provides sufficient evider]
against the hypothesizad= 0.3 witha = 0.05.
Since 0.0142 is larger than the significancell@v@l, the sample does not provide sufficient
evidence against the hypothesized 0.3 witha = 0.01.

(e) (i)“B =0.3 anch =0.01732.

(il) The sample proportiop is 252/700 = 0.36, and tlzescore is +3.46.

(iii) practically zero

(iv) Since the probability in (iii) is smaH than the significance level 0.10, the sampleides
sufficient evidence against the hypothesixed0.3 witha = 0.10.
Since the probability in (iii) is smaller tharetkignificance level 0.05, the sample provides
sufficient evidence against the hypothesixed0.3 witha = 0.05.
Since the probability in (iii) is smaller tharetkignificance level 0.01, the sample provides

ce

sufficient evidence against the hypothesixed0.3 witha = 0.01
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Summary
One type of inferential statistics (drawing a dasion about a parameter, suchuas A from observing

a statistic, such ax or F)) is hypothesis testing. The purpose of a hypothesis test is to decidewtf two

competing hypotheses should be believed; performingpothesis test is analogous to the processaching a
verdict in a court trial. Just as a court triadg@eds under the assumption that the defendamiasent unless
and until there is sufficient evidence to indictite defendant is guilty, a hypothesis test is paréml under the
assumption that one hypothesis is true unless atidhere is sufficient evidence to indicate thbey
hypothesis is true. The hypothesis which is assuim®e true at the outset is called tid hypothesis. The
hypothesis for which sufficient evidence is reqdibefore it will be believed is called thkernative hypothesis
(or sometimes also called the research hypothelkigjeneral, the null hypothesis is a statememigofality, and
the alternative hypothesis is a statement of iniggua

Two types of errors are possible in a hypothesit tAType | error is believing the alternative
hypothesis when in reality the null hypothesiguget aType Il error is believing the null hypothesis when in
reality the alternative hypothesis is true. Th@dYyerror is generally treated as the more segous. A
significance level is defined to be the highest probability of maken@ype | error that we are willing to tolerate.
Commonly chosen significance levels are 0.10, (a88,0.01, and the Greek lettefalpha) is used to denote
the significance level. With a given sample gizéhe probability of making a Type Il error increasas we
decrease (our chosen probability of making a Type | error).

In a hypothesis test about a population paranseten as\, the null hypothesis is usually a statement of
equality, i.e., a statement that the parametequsigo a specific hypothesized value; the altévadtypothesis
is a statement of inequality, such as a staterhantlie parameter is not equal to the hypothesiaka:. We
make a decision about which hypothesis to beligvtking at the difference between a statisticrfrine

sample and the hypothesized value, such as theratiife between the sample proportﬁ»rand a hypothesized

value for the population proportidn. If this difference falls within the bounds wewd expect from the
random variation in a sampling distribution, whistcalledsampling error, then we have no reason to doubt
that the hypothesized value is correct; but if thiference cannot be reasonably attributed to §amprror,
then we are inclined to believe that the hypotleskizalue is not correct.

To decide if the difference between a statistit amypothesized value for a parameter, such as the

difference between sample proportignand a hypothesized value for the population priagoA |, falls inside

or outside the bounds we would expect from samp@mgr, we calculate the probability of obtainintaeger
distance away from (below or above) the hypothelsiztue under the assumption that the hypothesiake

is correct. If this probability is smaller tharetkignificance level , then the fact that our sample is so unlikely
under the assumption that the hypothesized valoeriect leads us to believe that the hypothesrafige is not
correct; if this probability is larger than the iiicance levelr, then the fact that our sample is not unlikely
under the assumption that the hypothesized valoeriect does not provide us with sufficiently sigevidence
to doubt the hypothesized value.
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