Unit 20
Hypotheses Testing

Objectives:

* To understand how to formulate a null hypothests amalternative hypothesis about a population
proportion, and how to choose a significance level

* To understand how to collect data and calculatevaiige of an appropriate test statistic in a hypsith
test about a population proportion

* To understand how to define a rejection region@mtdin thep-value in a hypothesis test about a
population proportion

* To understand how to summarize the results of atmgsis test about a population proportion

We have introduced several terms and conceptsrtamdn hypothesis testing. We now want to define
a hypothesis test formally and begin to apply higpsis testing in a variety of different situation¥e can
formally define a hypothesis test as the followiogr steps:

Step 1 State the null and alternative hypotheses, andsma significance level.

Step 2 Collect data, and calculate the value of an gmpate test statistic.

Step 3 Define the rejection region, decide whether drtoaeject the null hypothesis, and
obtain thep-value (probability value) of the test.

Step 4 State the results, and perform any further atfslykich may be required.

We shall begin to illustrate the application ofgbdour steps by considering hypothesis tests abpapulation
proportion.

When we first defined the null hypothesis andahernative hypothesis, we considered a hypothesis
test to decide whether or not to believe the clairm manufacturer that a lighter will ignite on ffivst try 75%
of the time. Recall that a hypothesis test is veagh analogous to a court trial, where we asstaiethe null
hypothesis, which states “The defendant is inngtentrue, until and unless there is sufficienidmnce to
believe the alternative hypothesis, which statde“diefendant is guilty.” In a hypothesis test @ning a
population parameter, a null hypothesis is a stat¢mbout equality, and an alternative hypothess i
statement about inequality. In a hypothesis tlestiba population proportion, the statement ofrtihié
hypothesis contains a hypothesized value for tipaifation proportion, and the alternative hypothéses
statement that the hypothesized value is not cor@oe of the reasons the null hypothesis is soekis
because the meaning of the wardil suggests no difference, no change, no effect, Bydmagining that the
manufacturer’s claim is on trial, our null hypotiseis "The lighter will ignite on the first try 75%f the time,"
and the alternative hypothesis is "The lighter wit ignite on the first try 75% of the time."

We shall find it convenient to introduce some Wyegsed abbreviations in hypothesis testing. Fikst
use H to represent a null hypothesis angtéirepresent an alternative hypothesis. Also,nwketing a
hypothesis, we may choose to use symbols in plaseme words. The population proportibiis the focus of
the hypothesis test concerning the lighter, andtipothesized value faris 0.75. A much shorter way of
stating the null hypothesis "The lighter will igmion the first try 75% of the time" is to simplyysa = 0.75,"
and a much shorter way of stating the alternatiymthesis "The lighter will not ignite on the fittsy 75% of
the time" is to simply say\'# 0.75." As part of the first step of our hypotlasist, we need to choose a
significance level; we shall chooge= 0.10, which is what we originally chose whenfiwst considered the
illustration concerning the lighter. This enahlssto complete the first step of our hypotheseadaesvriting

HiA=0.75 vs. HA#0.75 @ =0.10).

Having now completed the first step in our hypsthéest, we move on to the second step. The decon
step in a hypothesis test is to collect data archkculate the value of an appropriate test statist which our
conclusion will be based. In a court trial, thégend step corresponds to collecting and preseatiitgnce. In
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the hypothesis test concerning the lighter, thi®sd step corresponds to obtaining a simple rarsimple of

observations and basing our conclusions on atitatigt we obtain from our sample; the sample propn B

of times the lighter will ignite on the first tredainly seems a reasonable statistic on whiclase lour
conclusions about the lighter.

In hypothesis testing, tast statistic is a statistic which is used to decide whethdreieve the K or to
believe the H. Remember that in hypothesis testing, we assbhmaull hypothesis to be true unless the
evidence is sufficiently strong to suggest thatsiveuld believe the H Deciding whether or not the evidence
in a court trial is sufficiently strong to returrvardict of guilty is ultimately a subjective deois, since there is
no mathematical formula which will weigh all theidence presented in a typical court trial. In hyjasis
testing, however, deciding whether or not the eviges sufficiently strong to believe the id based on doing
an appropriate probability calculation. Figuresl1@nd 19-2 are illustrations of the probabilitycedation we
did with each of two different data sets in oradedécide whether or not the evidence in the datastrang
enough to convince us to believe the H

The probability calculations illustrated in Figar#9-1 and 19-2 were done under the assumption that
Ho: A = 0.75 is true. Under this assumption, with disigintly large sample size we are able to treat the

sampling distribution ofB as a normal distribution. Tlzescore of?) , Which is
L P™Hy_ p-A _  p-075

o, \//1(1—/1) \/ 075(1- 0.75)

n n

tells us how many standard deviations of differethesze is betweerp and the hypothesized 0.75. This is
exactly thez-score we needed to calculate to do the probalgiityulations illustrated in Figures 19-1 and 19-2.
In general, whenever we have a null hypothegis\i+ Ao, where we usg, to represent the hypothesized value
for A , the test statistic is

B_/‘o

2,0-1,)
n

which we shall refer to as thestatistic about a population proportion.

To complete the second step in our hypothesisatesit the lighter, we must collect data, and dateu
the value of our test statistic. To collect date,observe a simple random sample of attemptsirig the
lighter. Let us imagine that we observe a simplelom sample af = 300 attempts, and we find that the lighter
ignites on the first try in 214 of these attemptki€h is exactly the same data we used in Figur&)19The

sample proportion of successesfisz 214/300 = 0.7133, from which we calculate thii@af ourz statistic as
follows:

,o P-A, _ 07133-075 _ _ .o
\//10(1—;10) \/ 075(1- 075)
n 300

The third step in a hypothesis test is where vegdgenhether to believegbr H; . In our hypothesis
test concerning the lighter, we are basing thissitat on whether the number of standard deviat@ns
difference betweerp and the hypothesized 0.75, as measured by stadistic, is beyond what we would

expect from sampling error. Our chosen signifiealevela determines what values of thetatistic are
beyond what we should expect from sampling erherour hypothesis test about the lighter, we choose0.10,
which implies that values of ttestatistic which have less than a 0.10 probabdftgccurring (in either
direction) provide us with sufficient evidence tlibve H .
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Figure 20-1 displays a standard normal curve tithshaded areas: one containing the lower 5%
(0.05) of the area under the curve and one contathie upper 5% (0.05) of the area under the cufagether,
these areas define a set of values foztbiatistic which has a 0.10 (0.05+0.05) probabditypccurring if
Ho: A = 0.75 is true. Notice that in Figure 20-1 #h&core above which 0.05 of the area lies has besigmhted
by z, 05 also, since the standard normal curve is symmete know that the-score below which 0.05 of the
area lies must be z o5 (the negative ofyo5). If ourz statistic is either larger thapes or smaller than 2 o5,
then we have sufficient evidence to believe that\H 0.75 is correct In hypothesis testingggection region
(sometimes also calledcsitical region) is a set of test statistic values which leadefeating the null hypothesis
in favor of the alternative hypothesis. In ordards to define our rejection region in the hypstheest about
the lighter, we must find what the valuezpfs is.

From Table A.2, you will find that Figure 20-1
the area under the standard normal curve
above the-score +1.64 is 0.0505, and th: )
the area under the standard normal curvt ™
above the-score +1.65 is 0.0495. From y
this, we deduce that ttrescore above 4
which lies 0.05 of the area must be
between +1.64 and +1.65. At the bottom

Rejection Region for 7 with o = 0.10

™,
N,

of Table B.2, you will find tha os = pa [

1.645. It is convenient to use the notatio A -

Zx to represent thescore above which ——
lies whatever area A is the subscript. Fo | — Zpos Zo.05 |
instance, you will find at the bottom of _1.645 +1.645

Table A.2 tha‘Zo_025= 1.960 an(to_oo5=
2.576, which tell us that 0.025 of the area liesvalithez-score +1.960 and 0.005 of the area lies above the
z-score +2.576. In general, the rejection for thedthesis test

Ho: A=Ag vs. H:AZ A
with significance levetr will be defined by

227y, OF 2 =Zyp  (i€,322y) .

Figure 20-1 graphically displays the rejectionioegn our hypothesis test about the lighter, ardcan
define this rejection region algebraically as

z>+1.645 orz< —1.645 (i.e.z|=1.645).

If the value of the statistic is in the rejection region, then we vebabnsider our data unlikely enough to make
us doubt that b1 A = 0.75 is true; however, if the value of thstatistic is not in the rejection region, then we
have no reason to doubt that M = 0.75 is true.

Since the His assumed to be true unless sufficient evideméauind against it, the custom in statistical
terminology has been to state the decision in tarntise H, . If we decide that there is sufficient evidence
against the b, we say that we reject they Hand, of course, saying that we rejegtisdequivalent to saying that
we accept Hl.

On the other hand, if we decide that there issnfficient evidence against the Hhen one might think
that we could say that we accept the However, instead of saying that we accept theithas become
customary in statistical terminology to say thatdwenot reject K. The reason for saying "do not reject the
Ho" instead of saying "accept the M even though these statements can be considqrédalent, is to
emphasize that our decision to believe théshhot based on evidence suggesting thdsittue. When we
decide to believe § it is because there is not sufficient evidencaresl H and not because there is evidence to
support H. Remember that we assumgisitrue at the outset of a hypothesis test, aagtimpose of the
hypothesis test is to look for evidence indicatimat H, is true.

Once again, we see the parallels between a hygisttest and a court trial. The two possible \asdin
a court trial are stated as "guilty" and "not guilt The reason for saying "not guilty" insteadsafying
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"innocent," even though these statements can b&dermed grammatically equivalent, is to emphadia¢ the
verdict of "not guilty" is based on a lack of saféint evidence suggesting guilt and not based sagogson
evidence indicating innocence.

As part of the third step in our hypothesis tesiaerning the lighter, we must decide whether ¢itmo
reject the null hypothesis. Since our test statisalculated in the second step, was found tode 1.468,
which is not in the rejection region, our decisismot to reject It A = 0.75; in other words, our data does not
provide sufficient evidence againsg: i = 0.75.

- Intrc:rdgr ;[o (t:omplete ttheb'E[hi'rd sLe[ Figure 20-2

in a hypothesis test, we must obtain wha < e

is called a probability value for the test. The p-value for Tes!S tatistic 7 =— 1.468
Theprobability value, usually just called ™

thep-value, of a hypothesis test is the /
probability of obtaining a test statistic s
value more supportive of the alternative
hypothesis than the test statistic value pa
actually observed, under the assumption pram— .
Ho is true. In our hypothesis test about tf . +
lighter, thep-value is the probability of o
obtaining a sample proportion farther | |
away from (below or above) the z=-1.468 +1.468
hypothesized 0.75 than that actually observed, umgeassumption A = 0.75. This is the probability of
obtaining az statistic which represents a larger distance dveag the hypothesized proportion than does the
observed = — 1.468, and this probability is representedhgyshaded region in Figure 20-2. In Figure 2the,
observed test statistic valae — 1.468 has been located on the horizontal ari$, in addition, the value

+ 1.468 has been located; the shaded area lzetowl.468 together with the shaded area aboveés81.4
correspond to test statistic values which repreadatger distance away from the hypothesized ptimpothan
doesz=—1.468. We have actually already calculatéxighvalue, since this is exactly the probability
represented in Figure 19-1.

To obtain the shaded area above +1.468 in Figufeom Table A.2, we must first round + 1.468 to

+ 1.47. Then, we look for the table entry corregjog to the row labeled 1.4 and the column labéléd.
This table entry is 0.0708, and from the symmeftrg normal distribution we know that this is theaabove
+ 1.468 and also the area below — 1.468. Consdgute total shaded area in Figure 20-2 must be
0.0708 + 0.0708 = 0.1416. Thevalue of this hypothesis test then is 0.1416, tvlie can designate by

writing p-value = 0.1416. This is exactly the same prolitghile obtained with Figure 19-1.

When we found this probability to be 0.1416 wiigufe 19-1, we then knew that we did not have
sufficient evidence to rejectoH because 0.1416 was not less than the choseficgigoe levela = 0.10. When
thep-value is larger than the chosen significance lebein we have not found sufficient evidence teae, ;
when thep-value is smaller than the chosen significancel)ekien we have found sufficient evidence to reject
Ho . You should now realize, however, that frealue can give us more information than simply thibe or
not we should reject Hwvith the chosen significance level. Tiwalue 0.1416 just obtained tells us not only
that H, is not rejected with a 0.10 significance level &lso tells us that #Hvould not be rejected with any of
the commonly chosen significance levels, 0.01, 0208 0.10 (because 0.1416 is larger than eadfesé].
Suppose for the sake of argument, though, thatadleobtaineg-value = 0.0454; then we would see that H
would have been rejected with a significance l@f€l.05 or 0.10, but fHwould not have been rejected with a
significance level of 0.01. Remember that the chaif significance levat is made by the person(s)
performing the hypothesis test. Those who readdbelts of a hypothesis test may wish to know twaebr
not the conclusion would have been the same wilifferent significance level.

Thep-value of a hypothesis test is often treated agasore of how strongly the observed data supports
the H, . For instance, if we had obtaingdalue = 0.002, then we would see that not onlyvddave sufficient
evidence to reject fwith a = 0.10, but also witlxk = 0.05 and witla = 0.01. The smaller thgvalue is, the
stronger we might consider the evidence agaigso He.

After having defined our rejection region, havoherided not to rejectd and having obtained the
p-value, we have now completed the first three siepsir hypothesis test about the lighter. Thetfostep

141

.

™
\




consists of stating results and performing anyhieranalysis which may be required. A clear, camci
statement of the results of a hypothesis testrisiody important. The results of hypothesis tegtwill be of no
value to anyone unless others can read and undeérta results. We suggest that every hypothesisan and
should be summarized in a few sentences whichdedie observed test statistic value, the tabledewahich
defines the rejection region, the conclusion, dmepivalue; also, even though we may use symbols as
convenient abbreviations in our statements gkt H, for the sake of clarity it is preferable to sunnize the
results of a hypothesis test with complete senteand words instead of symbols. For instance,ame ¢
summarize the results of the hypothesis test cairggthe lighter as follows:

Sincez = — 1.468 and, o5 = 1.645, we do not have sufficient evidence tegel, . We conclude
that the proportion of times the lighter will igmion the first try is not different from 0.75
(p-value = 0.1416).

In the statement of results, we concluded thaptpilation proportion "is not different from 0.75This
appears to be a rather negative way of sayinghlegbopulation proportion "is equal to 0.75." Eweough
these two statements are grammatically equivalemthose to state the negative version in ourtesubrder
to emphasize that concluding I3 true is based on a lack of sufficient evidetocsupport Hand not based
necessarily on evidence suggesting thaisHrue. It is correct to state the conclusidhesi way, however.

The use of the test statistic z in a hypothesisaboui\ is based on the assumption that we may treat

the sampling distribution of) as a normal distribution. The Central Limit Theorfor sample proportions

says that this assumption is reasonable wihen5 andn(1 —A) = 5. In the illustration just completed, the
sample size was = 300, and we can use the hypothesized valag@f75) to verify that this sample size was

sufficiently large to treat the sampling distrihnutiof?a as a normal distribution. Since (300)(0.75) = 228

(300)(1 — 0.25) = 75 are both considerably largant5, the use of the test statistic z was ap@atEri

As another illustration of a hypothesis test, Wwallshave you perform the four steps of the hypsithe
test described in Table 20-1. The first step istade H and H, and choose a significance leeel Remember
that H, is what we assume to be true until and unleseg tisesufficient evidence against it, andisithe
statement we are looking for evidence to supptst, at is generally a statement involving equality, andsH
generally a statement involving inequality. Usihg appropriate symbols, writg EHnd H under Step in
Table 20-1 to complete the first step of the hypseititest. (As the first step of the hypothess tou should
have H: A =0.07 , H: A #0.07 ,a = 0.05.)

The second step is to collect data and calcutetealue of the test statistic. We can verify thatuse
of thez statistic is appropriate by observing that (25@){) = 17.5 and (250)(0.93) = 232.5 are both latigen

5. Find the sample proportiop, and calculate the value of thstatistic under Stepig Table 20-1 to

complete the second step of the hypothesis t&stu ¢hould find that?) =27/250 = 0.108 anzl= +2.355.)

The third step is to define the rejection regidecide whether or not to reject Hand obtain the
p-value of the test. Under Stepr8Table 20-1, draw a graph to display the regectiegion, write the rejection
region algebraically, indicate whether or not feceH,, and write the-value of the test. (Figure 20-3 displays
the rejection region graphically whezg),s = 1.960, and this rejection can be written algeltly asz=> + 1.960
orz< —1.960, or ag||= 1.960; you should find thatgHs rejected and thatvalue = 0.0185 which is obtained
by averaging the entries for 2.35 and 2.36 in Tébkand doubling this result.)

Complete the fourth step of the hypothesis testumgmarizing the results under Stejm 4 able 20-1.
Recall that in our earlier illustration concernihg lighter, we did not reject the, Hthus concluding that the
population proportion was equal to the hypothesizdde. In the illustration of Table 20-1 concei
underweight packages, we reject thg thus concluding that the population proportiorswmat equal to the
hypothesized value. Rejecting thgahd concluding that is not equal to the hypothesized value leaves us
with the question of whetharis less than or greater than the hypothesizedevalu
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Table 20-1
Hypothesis Test About the Proportion of Underweight Packages

The manager at a certain manufacturing plant would like to see if there is any evidence that
the proportion of underweight packages from an assembly line is different from 0.07. He
chooses a 0.05 significance level to perform a hypothesis test. In a simple random sample of
250 packages selected from the assembly line, 27 are found to be underweight.

Stepl  H,: H,;: o=

Step 2

Step 3

Step 4

To answer this question in the Figure 20-3

hypothesis test of Table 20-1 concerning
the underweight packages, we find that tl
observed test statistic= +2.355 is in the
half of the rejection region corresponding y
to positive values o this is because the ’
sample proportionp = 27/250 = 0.108
was greater than the hypothesized value
0.07. It is for this reason we say that the / —
results of the test seem to suggest that tt =~
proportion of underweight packages is ——
greater than 0.07. Consequently, we ~ Z0.025 20.025

should include this information as part of -1.960 +1.960

our statement of results. The statement of

results in Table 20-1 should look as follows:

Rejection Region for 7 with a = 0.05

[y .

Sincez = + 2.355 andy o025 = 1.960, we have sufficient evidence to rejegt We conclude that the
proportion of underweight packages is differentrir0.07 p-value = 0.0185). The data suggest that the
proportion of underweight packages is greater tha.

In our introduction to hypothesis testing, we htoaised solely on tests concerning a population
proportionA . Shortly, however, we shall consider hypothéss$s concerning a population mgan
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Sef-Test Problem 20-1. A candidate in an upcoming election for govenvould like to see if there is any
evidence that the percentage of registered vatdrsi state intending to vote for her is differieam the 40%
that a poll from two weeks earlier suggested. Stumses a 0.01 significance level to perform a thgms test.
In a simple random sample of 500 registered vofds,say they will vote for her.
(&) Complete the four steps of the hypothtesisby completing the table titlétlpothesis Test for
Self-Test Problem 20-1.
(b) Verify that the sample size is sufficigritirge for thez statistic to be appropriate.
(c) Considering the results of the hypotheesis, decide which of the Type | or Type Il errsrpossible,
and describe this error.
(d) Decide whetherHvould have been rejected or would not have beentesl with each of the followin
significance levels: (ix = 0.05, (ij)a = 0.10.
(e) What would be an appropriate graphicgpldisfor the data used in this hypothesis test?

Self-Test Problem 20-2. Suppose a 0.05 significance level is chosen fypathesis test to see if there is an
evidence that the mean yearly income per househ@darticular country is different from $20,000. a

simple random sample of 45 households, the meatyyiaaome per household is found to = $18,400.
(@) Complete the first step of the hypothésss by stating fland H , and by identifying the chosen
significance level.

(b) What prevents us from calculatingtest statistic based ax in the same way we calculate thiest
statistic based o ?

Hypothesis Test for Self Test Problem 20-1
Stepl H,: H,: o=

Step 4
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Answersto Sdf-Test Problems
20-1 (a) Step 1 HyA=04,H:A#0.4,0=0.01

Step 2 p = 165/500 = 0.33 and=-3.195

Step 3 The rejection ig= +2.576 orz< —2.576 (which can be written a3 1.960).
Hy is rejectedp-value < 0.002.

Step 4 Sincez =-3.195 andy o0s= 2.576, we have sufficient evidence to rejegt We
conclude that the proportion of registered wterthe state intending to vote for the
candidate is different from 0.g-¢alue < 0.002). The data suggest that the primport
is less than 0.4.

(b) 500(0.4) = 200 and 500(1 — 0.4) = 300 are banther than 5 implying is sufficiently large.
(c) Since His rejected, a Type | error is possible, whichaacluding thah # 0.4 when really\ = 0.4.
(d) H, would have been rejected with= 0.05 and witlo = 0.10.

(e) a bar chart or pie chart

20-2 (@) H:u=20,000, Kt p# 20,000 o =0.05 (b) b) We do not knos. =0 /Vn=0/V45 .

Summary

The hypothesis which is assumed to be true abukset of a hypothesis test is called nhg
hypothesis, abbreviated b, and is generally a statement of equality. Tyyothesis for which sufficient
evidence is required before it will be believedadled thealter native hypothesis (or sometimes also called the
research hypothesis), abbreviated I, and is generally a statement of inequality. fiitst step in a hypothesis
test is stating Hland H, and choosing a significance leeel The hypotheses in a test to see if there is
evidence that a population proportion is differeain a hypothesized value can be written gs\H= Aq vs.
Hl: AE )\0.

A test statistic in hypothesis testing is a statistic which is usedecide whether to believe thg &t to
believe the H. With a null hypothesis §¢4A = Ao, thez statistic

B_/‘o

[A,@-2,)
n

can be used shall if the simple random sampleisilzege enough so thak, > 5 andn(1 —Ag) = 5. The second
step of a hypothesis test is to collect data atalifzde the value of the test statistic.

A rejection region in hypothesis testing, sometimes also calledtecal region, is a set of test statistic
values which lead to rejecting the null hypothésitavor of the alternative hypothesis. In gengitaé rejection
for the hypothesis testgH\ = Ag vS. Hi: A # A with significance levett will be defined byz> z,, orz< -z,
(i.e., | = zy2) . Since the blis assumed to be true unless sufficient evidesméeuind against it, the custom in
statistical terminology has been to state the @mtis terms of the bl If we decide that there is sufficient
evidence against thegHwe say that we reject the Hand saying that we reject 4 equivalent to saying that
we accept K. However, if we decide that there is not suffitievidence against the, Ht has become
customary in statistical terminology to say thatdwenot reject Blinstead of saying that we accept thg this
is to emphasize that we decided to belieydétause there is not sufficient evidence agaipsiid not because
there is evidence to supporg HTheprobability value, usually just called thp-value, of a hypothesis test is the
probability of obtaining a test statistic value msupportive of the alternative hypothesis thartésestatistic
value actually observed, under the assumptigis itfue. The third step of a hypothesis test iddfine the
rejection region, decide whether or not to rejegct &hd obtain the-value of the test.

The fourth step of a hypothesis test consistsating results and performing any further analygiéch
may be required. A hypothesis test should be sumethin a few sentences which make clear the tesuthe
reader. It is suggested that the summary of iegudtude the observed test statistic value, thiethvalue
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which defines the rejection region, the conclusand thep-value. When the null hypothesis:A = Aq is
rejected, the statement of the results of thestestild also include an indication of whether thpyation
proportion appears to be less than or greaterttteahypothesized proportion.
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