Unit 24
Hypothesis Tests about M eans

Objectives:
* To recognize the difference between a pairest and a two-samptdest
* To perform a pairettest
* To perform a two-sampletest

A measure of the amount of variation (dispersisa)expect to occur when using a statistic from a
sample to estimate a parameter in a populatidmeistandard error of the statistic. For instance, when using a

sample mearx to estimate a population mepnthe standard error of the sample meanan be estimated by
s/Vn. Recall that theétest statistic in a hypothesis test about a poiomanean is found simply by dividing the

difference between the sample mearand the hypothesized mean by the estimate oftémelard error of the
means/Vn, that is,

tho1=
b

Test statistics of similar form can be used in hkpsis tests to compare two means. We shall cenatdest
statistic used with data treated as one samplaicéghobservations and &est statistic used with data treated as
two independent samples of observations.

Let us first consider atest statistic used with paired data. When olar@st is in the mean of the
differences between paired observations, we caik thfithe observed differences as comprising ongaof
observations. Consequentlyt #st statistic which can be used with paired dathet, _; statistic with the
sample mean and standard deviation of the diff@®between pairs. In practice, the hypothesized\at the
mean difference is almost always zero, but it mese in general; however, we shall exclusivelyuon
situations where zero is the hypothesized meaerréifice. If we denote the sample mean of the diffees as

d and the sample standard deviation of the differerass;, we can write the test statistic for this hypotbes
test as

g ,=34°0_d Table 24-1
S S .
%ﬁ %ﬁ Time to Complete a Task
With and Without Background Music
We shall call this theaired t test statistic, _ _ ] kg _ _
and a hypothesis test which makes use of { Subject Minutes without Minutes without
test statistic can be calleghaired t test. Number  Background Music Background Music
This test will be apprqpriate when a sim_ple 1 13.8 13.4
random sample of paired observations is
selected from a normally distributed 2 14.3 15.2
population. 3 12.7 12.6
To illustrate the pairetitest, let us
. . e 4 10.9 9.3
consider using a 0.05 significance level to
perform a hypothesis test to see if there is 5 11.0 8.7
any evidence that the mean time to perforn) & 96 10.2
specific task is reduced when background
music is provided. Each of seven available 7 10.3 9.0

subjects performs the task twice, once
without background music provided and once withkgagund music, in random order, and the results are
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recorded in Table 24-1. A pairétest is to be performed, since the data consishefsample of paired
observations.

In order to perform a pairddest, we must first obtain the differences betwesned observations from
the data. Since we are interested in whether bmean time to perform a specific task is reducbedmw
background music is provided, it is natural fotaghoose to subtract the time with background mfreim the
time without background music; however, the chaiterder of subtraction in calculating the diffeces is
really arbitrary. Enter these differences in thprapriate place in Table 24-2. (You should fihdttthese
differences are +0.4, —0.9, +0.1, +1.6, +2.3, -&n@l +1.3.)

Notice thaid is used in Table 24-2 t¢
represent a difference which results from Table 24-2

subtracting time with background music Mean and Standard Deviation of

from the corresponding time without . .
background music. Thekhd represents the the Differences in Table 24-1

sum of these differences at represents Differences_ _
the mean of these differences. Enter the |4 =No Music — Music

values ofxd andd in the appropriate placed 13.8 — 13.4 = n= d=
in Table 24-2. (You should find that 143 -152=
Yd=+4.2andd =+0.6.) AlsoX(d-d)* |127_126= d=

represents the sum of the squared deviatio
of the differences from their meas? 109 - 93= o
represents the variance of the differences, | 11.0- 87 = 2(d—-d )=
ands; represents the standard deviation of 906_102=

the differences. Enter the values of ' '

Y(d—d)?,s?, ands, in the appropriate

places in Table 24-2. (You should find thitl — d )* = 8.36,5° = 1.393, andy = 1.180.)

Before beginning our paird@dest, we examine a box plot of the differencespldiyed as Figure 24-1,
to see if there is any reason for us to think éhpaired test will not be appropriate. Since we see thete are
no outliers, and that the box plot does not loakeswrely skewed, we have no reason to believe thatradt
test will not be appropriate. Of course the exatiim of a normal probability plot is preferabledsone would
find in this case that the points appear to lisoeably close to a straight line. This supportsbalief that the
paired t test is appropriate. We are now reagyetform the hypothesis test.

The first step is to state the null and Figure 24-1
alternative hypotheses, and choose a Box Plot of Differences in Table 24-1
significance level. We shall state the
hypotheses in terms of the mean difference ] —
Although the order of subtraction to obtain
the differences is arbitrary, once the choice 25 20 -15 -10 05 0 405 +1.0 +15 +20 +25
made our notation must reflect that choice. Minutes
Since we chose to subtract the time with backgrauuodic from the time without background music, veaacte
the mean difference ag _ v Where the "N" in the subscript represents timdwit background music, and the
"M" in the subscript represents time with backgmbuanusic. This test is one-sided, since we areitapfor a
difference in only one direction. We complete fingt step of the hypothesis test as follows:

103- 90= sf= 5,=

Ho in-m=0 vs. H:un_m >0 @ = 0.05, one-sided test)
The second step is to collect data and calcut&t@alue of the test statistic. In Table 24-2, faund

that d = +0.6 minutes ang; = 1.180 minutes for the= 7 differences. We now calculate the value af ou
pairedt test statistic as follows:
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_ ‘0. . ]
d _ 06 1345 Figure 24-2

tz = =
° &/ 1.18?/ Rejection Region for £; with o= 0.05

~ ™~
- A
\

The third step is to define the Ve
rejection region, decide whether or not tc
reject the null hypothesis, and obtain the

p-value of the test. Figure 24-2 displays p
the rejection region graphically. The
shaded area corresponds to values of the
pairedt test statistic wherel is larger — T =
than the hypothesized zero mean {6005
difference and which are unlikely to occu 11.943

if Ho: pn_m = O is true. In order that this

shaded area be equaldaa= 0.05, the rejection region is defined by tieegore withdf = 6 above which 0.05 of
the area lies. From Table A.3, we find thatos= 1.943, and we can then define our rejectionoregi
algebraically as

ts> 1.943 . Figure 24-3
p-value for Test Statistic £, = +1.345

~.

Since our test statistic, calculated in the
second step, was found totge 1.345, ™
which is not in the rejection region, our /
decision is not to rejectdduy -y = 0; in g
other words, our data does not provide
sufficient evidence to suggest that
Hy: Hn-m > O is true.

Figure 24-3 graphically illustrates
thep-value. Our test statistic was foundt_—
bets = 1.345. Thep-value of this t, = +1.345
hypothesis test is the probability of
obtaining a test statistic valtiewhich represents a larger distance above the hgpited zero mean difference
than the value actually observied 1.345. In Figure 24-3, the observed test siatmluets = 1.345 habveen
located on the horizontal axis. The shaded argagmonds to test statistic values which represéatger
distance above the hypothesized zero mean differivan the value actually obsented 1.345; in other
words, the shaded area in Figure 24-3 igpthialue of the hypothesis test. From Table A.3fiwe that 1.345
is less thartg.o 10= 1.440, which tells us that the area abova-#wore 1.345 is greater than 0.10. Therefore, the
shaded area in Figure 24-3, which is phealue, must be greater than 0.10. We indicatelihiwriting
0.10 <p-value. The fact that 0.10p=<value confirms to us thatgs not rejected witla = 0.05. However, it
also tells us that g#would not be rejected withh = 0.10 nor withor = 0.01.

To complete the fourth step of the hypothesis testcan summarize the results of the hypothesisate
follows:

™~
N,

—
—

Sincets = 1.345 andg,0.05= 1.943, we do not have sufficient evidence teaeH,. We conclude that
the mean time to perform the task is not reduceendbackground music is provided (0.1p-value).
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Hypothesis Test for Self Test Problem 24-1
Stepl H,: H,: o=

Step 4

Self-Test Problem 24-1. A 0.10 significance level is chosen to see if¢he any evidence of a difference in the
mean time spent watching television weekly andnhiean time spent listening to the radio weekly amaotgrs
in a state. The 30 individuals selected for th&kRSBY DATA, displayed as Data Set 1-1 at the entoft 1,
are treated as a simple random sample.

(&) Explain why the data for this hypothes& should be treated as one sample of pairedrditead of
two independent samples of data. Then, verify bigegubtracting the weekly radio hours from the
weekly TV hours for each individual, the resultiifferences are as follows:

o + +1 -8 -1 -7 -1 -186 +11 -2 -2 -4 +7 +5
-19 -16 -12 +23 -3 -21 -4 P0- 0 -19 -8 -13 -2 -15

(b) Complete the four steps of the hypothessby completing the table titlétlpothesis Test for
Slf-Test Problem 24-1. In the second step, you should find that —2.638.

(c) Find the five-number summary for the diffieces, determine whether or not there are anyfiate
outliers, construct a modified box plot, and comh@nwhether there appears to be any reason thaf th
pairedt test statistic is not appropriate.

(d) Considering the results of the hypothesis, decide which of the Type | or Type Il errsrpossible,
and describe this error.

(e) Decide whetherdivould have been rejected or would not have beentesl with each of the followin
significance levels: (ix = 0.01, (ii))a = 0.05.

L4

Now that we have discussed how the pairest is used with one sample of paired observatior
next want to turn our attention td test used with data treated as two independentlsarof observations. A
test involving two independent samples is basedoomparing the mean of one sample with the meaheof t
other sample, and such a hypothesis test will becdcatwo sampletest. In practice, the hypothesized value of
the difference between means is almost always betdt need not be in general; however, we shallusively
focus on situations where zero is the hypothediliéerence between means. In general, we cam l@bhdn,

represent the two sample sizes,;tqtand X, represent the respective sample means, asd ktds,”
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represent the respective sample variancesteststatistic to compare two means with independenpl&im
random samples will be similar to theest statistics we have already introduced; sjpadly, at test statistic to

compare two means with independent samples withédalifference between the sample meatis— X,
divided by an appropriate standard error.

One of two standard errors might be used, depgralinvhether or not the two samples are selected
from populations having roughly equal standard afigamns. Consequently, there are test statistics
available, and statistical software on calculatord computers generally have the ability to cateubath of
these test statistics, leaving it up to the uselettide which test statistic to make use of. Thess test
statistics are

X, —x
f = 1“2 _ 2 _ 2
M-l where 8% = (m — Ds;* + (1, — Ds,
s 1 ntn—-2
Sp -+ —
y ;
and
2
2 2
s 8§
_ 1 2
 _x (n,—Dn,-1) — + —=
;o 17 % n, n,
v 2 ; where p =
84 &5 2 2
1oy 2 52 5,2
non (n,—1) - + (- 1) o
1 2

Each of these test statistics can require a suiztamount of calculation. Since the calculatioesessary for
these statistics are readily available from siatibsoftware and programmable calculators, wel simdy briefly
discuss the formulas.

Thetn, +n, -2 statistic depends 0332 which is called th@ooled sample variance; this test statistic is

appropriate when we can reasonably assume thabghdations being sampled have roughly equal standa
deviations (i.e., the populations do not signifttadiffer in dispersion). The pooled sample vaga is a
weighted average of the two sample variances wprigtides a single estimate of the population vagan

common to both populations. We dal| +n, -2 thepooled two samplet test statistic, and its degrees of

freedom i + n, — 2, which is the sum of the sample sizes minus tmel®u of samples. If this test statistic is
used when the two sampled populations have vefgrdiit standard deviations, the results can becadéhg
especially if the sample sizes are not equal.

Thet, statistic depends on the calculation of the degoééreedonv which requires a somewhat
complex formula, ang generally turns out not to be an integer. Thes $gatistic is designed to be appropriate
no matter whether the populations being sampleé kgual or very different standard deviations,(i.e.
regardless of whether the populations significadiffer in dispersion or not). We callthe separate two
samplet test statistic (since the two sample standard deviations are estoinating a separate variance when the
populations do have the same dispersion), andaictipe we simply roundto the nearest integer value. In
situations where the two sampled populations hgualeor close to equal, standard deviations, tidesscst,

andtn, +n, -2 will tend to be very close in value and in degreeseedom.

Having now introduced the pooled two sanpiest statistic and the separate two sarhf#st statistic,
the immediate question which comes to mind concetren to use which test. However, rather thanritaio
decide which of the two samplid¢est statistics to use in a given situation, gr@@ach would be just to always
use the separate two samptest statistic without concerning oneself with tiee or not the standard
deviations are substantially different. This ige@y reasonable approach, since both test statisiltgenerally
be almost identical when the population standaxdiatiens are equal, or close to equal. We shké this
approach and call the corresponding hypothesisheseparate two sample t test.
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To illustrate separate two samplhest, let us consider using a 0.10 significangell®o perform a
hypothesis test to see if there is any eviden@edifference in mean lifetime between the two bsaoidight
bulbs: Sunn and Brighto. Four bulbs from the braached Sunn comprise one sample and three buistfr®
brand named Brighto comprise a second sample.hdties of lifetime for each bulb are recorded in [Ee-3.

We might consider displaying this data with two
contiguous box plots, one for each brand, but voidee Table 24-3
instead to display the data with the back-to-back C . .
stem-and-leaf displays in Figure 24-4. The midalkimn in Hours of Lifetime of nght
Figure 24-4 consists of the stems, which reprethentirst Bulbs for Two Brands
two digits of the observations; on each side of thiddle
column are the leaves which represent the thirid dighe Sunmn
observations. 575 611 572 602

We need a two sample test here, since the data is
treated as two independent simple random sampeh, e
selected from a different brand of light bulb. ‘@ell :
assume that the light bulb lifetimes for each brared Brighto
roughly normality distributed, and we shall perfatime 368 569 328
separate two sampteest.

The first step is to state the null and alterreativ .
hypotheses, and choose a significance level. \&lk stiate Figure 24-4
the hypotheses in terms of the difference betweesnsy the Hours of Lifetime of Light
order of subtraction is an arbitrary choice, andshall
choose to subtract the mean for Brighto from thamfer Bulbs for Two Brands
Sunn. This test is two-sided, since we are lookim@ -
difference in either direction. We complete thetfstep of Sunn Brighto
the hypothesis test as follows: 51

Ho: hs—Hg =0 Vs. H: ps—pg # 0 52/8

¢ = 0.10, two-sided test) 53

The second step is to collect data and calctitete t 54
value of the test statistic. Our data is displaiyetiable 55
24-3. We shall not discuss in detail the calcalabf the 56|80
separate two samplestatistic, because, as stated previousl
the ability to do these calculations easily is iiyaalvailable 52157
with readily available from statistical softwaredan 38
programmable calculators. Readers interesteceinléhails 59
of performing these calculations may refer to $ecB.2 of 2 160
Appendix B, where the data of Table 24-3 is useanas
example of how to do the calculations. Using eidmme 1|6l
appropriate statistical software or programmableutator, 02

or using the results in Section B.2 of Appendix\g, find
that the separate two sampkatistic has degrees of freedom 3.9= 4, and that the test statistictjs= 2.104.
This of course is based on subtracting the meaBrighto from the mean for Sunn.

The third step is to define the rejection regidecide whether or not to reject the null hypothesisi
obtain thep-value of the test. Figure 24-5 displays the t@p@aegion graphically. The shaded area

corresponds to values of the separate two-satpkt statistic whereX s — Xg is away from the hypothesized
zero difference between means and which are ugltkebccur if H: us—pg = 0 is true. In order that this
shaded area be equalda= 0.10, the rejection region is defined by tiseore withdf = 4 above which 0.05 of
the area lies; below the negative of thésore lies 0.05 of the area, making a total aféal®. From Table
A.3, we find that, 5= 2.132. We can then define our rejection regilgebraically as

t,22.132 ont, < -2.132 .
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Since our test statistic, calculated in the Figure 24-3
second step, was found tothes 2.104,
which is not in the rejection region, our
decision is not to rejectdHdus —pg = 0 in ™
other words, our data does not provide /
sufficient evidence to suggest that g
Hi: us—pHg # O is true.

Figure 24-6 graphically illustrates

Rejection Region for z, with o. = 0.10

™,
N,

thep-value. Our test statistic was found t

bet, = 2.104. The-value of this I
hypothesis test is the probability of —_— __.___
obtaining a test statistic valtigwhich s fa0.05
represents a larger distance away from tl ) 132 s 132

hypothesized zero difference between
means than the value actually obseryed2.104. In Figure 24-6, the observed test $iatisluet, = 2.104
and the value —2.104 have both been located onathezontal axis. The shaded area correspondststatistic
valuest, which represent a larger distance away from thpothesized zero difference between means than
value actually observeg = 2.104; in other words, the shaded area in Figdré is thep-value of the
hypothesis test. From Table A.3, we find that 2.10betwee,o 0= 1.533 and,. 5= 2.132, which tells us
that the area above thscore 2.171 is between 0.05 and 0.10. Therefloeeshaded area in Figure 24-6, which
is thep-value, must be between 0.10 and 0.20. We indibigeby writing 0.10 p-value < 0.20. The fact that
0.10 <p-value < 0.20 confirms to us thag i4 not rejected witle = 0.10. However, it also tells us thag H
would not be rejected witth = 0.05 nor witho = 0.01. Although we obtained opivalue from Table A.3, you
will most likely find that any statistical softwaoe programmable calculator which gives you theasaie two
samplet statistic also gives you an exg@etalue.

To complete the fourth step of the Figure 24-6

hypothesis test, we can summarize the o
1 ) — = + .
results of the hypothesis test as follows: p-value for Test_??tmﬂc 7,=+2.104

~
N

Sincet, = 2.104 and, .05 = 2.132, g
we do not have sufficient evidenc . A
to reject H. We conclude that
there is no difference in mean
lifetime between the two brands ¢
light bulbs Sunn and Brighto A N

(0.10 <p-value < 0.20). e [

(Just for the sake of comparison, we note

that the pooled two sampietatistic has —2.104 4 =+2.104
degrees of freedoms + ng — 2 =4 + 3 — 2 = 5, that this test statistitsis 2.171, and that for this test statistic
0.05 <p-value < 0.10. The fact that the two tests dogivg the same result may be a result of the standar
deviations being substantially different for theotarands of bulbs. Once again, we point out oggested
strategy of simply always choosing to use the s#¢pdwo samplétest statistic without concerning oneself
with whether or not the standard deviations arestsutially different.)

Before we conclude we conclude our discussiohefiaired one sampldest and the separate two
samplet test, we want to briefly remind you that it is alyg important to keep in mind the difference betwee
statistical significance and clinical significancko illustrate, suppose a bus is scheduled tveagi the
Funville terminal at 11:00pm on Fridays and agaihlaO0pm on Saturdays, and our interest is in dredr
not the mean number of minutes the bus is latéfierent for Fridays and Saturdays. From a sinmpledom
sample of observations for Fridays we find the dampean to be 15.2 minutes, and from a simple nando
sample of observations for Saturdays we find tinepéa mean to be 17.2 minutes.

Whether or not this difference of 2.0 minutes espnts a clinically significant difference is a spign
of whether or not the size of this difference ha jractical impact, and this involves at least s@ubjective
judgment. However, we can not possibly know whetienot this represents a statistically significan
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difference without further information. A differea will be statistically significant when it is §igfently larger
than the standard error in the denominator of gpeapriate test statistic. Without knowing thenstard error it
is impossible to tell if the difference is goinglde significant or not. Figures 24-7a and 24-7inaiestrate two
extreme situations. In both figures, it appeaas &ach distribution is at least close to symmegitmiplying that
the mean and median will be close. Both figurgseap suggest that the sample mean for Fridayswgaafout
15.2 minutes and that the sample mean for Satumlaggust about 17.2 minutes. Even though thefice
between means is the same in both figures, Figdgagives the impression that this difference nat be
statistically significant, while Figure 24-7b givikee impression that this difference will be stitedly
significant. The reason for this is that therenisch more dispersion present in Figure 24-7a thangure
24-7h, which implies that the standard error ofdHlference between means will be considerablydang
Figure 24-7a than in Figure 24-7b; consequentky difference between means in Figure 24-7a doeappsar
to be sufficiently larger than the standard erodbe statistically significant, but the differertmetween means in
Figure 24-7b does appear to be sufficiently latgan the standard error to be statistically sigatfi.

Figure 24-7a
Box Plots of Late Bus Arrivals for Fridays and Saturdays
Fridays

Saturdays

| | | | | | | | | | |
6 3 10 12 14 16 18 20 22 24 26

Minutes

Figure 24-7b
Box Plots of Late Bus Arrivals for Fridays and Saturdays

Fridays
Saturdays
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Self-Test Problem 24-2. Expenses for the past year at restaurants imia Ehown as McDoogles are being
studied. A 0.05 significance level is chosen ®i§¢here is any evidence of a difference in treamnumber of
customers (in millions) between restaurants insthighern and northern parts of the chain. Theweshts
selected from the southern and northern partseotiiain for the CHAIN DATA, displayed as Data Sgt12at
the end of Unit 23, are treated as two indepensiemtle random samples.

(@)

(b)

(©)

(d)
(e)
(f)

Explain why the data for this hypothesst should be treated as two independent sampbiegaf
instead of one sample of paired data. Then, véndyns = 8, Xs = 2.975 million customers,

Ss = 1.4859 million customersy = 15, Xy = 3.9 million customersy = 0.4629 million customers.
Complete the four steps of the hypothsssby completing the table titlétl/pothesis Test for

SHlf-Test Problem 24-2. In the second step, if you subtract the meathi®mnorthern chain from mean
from the southern chain, you should find tiaat —1.717.

For each of the locations, find the fiueamber summary, and determine whether or not theraray
potential outliers; then, construct two contiguousdified box plots, and comment on whether there
appears to be any reason that the two sahipk statistic is not appropriate.

Considering the results of the hypothesss$, decide which of the Type | or Type Il errirpossible,
and describe this error.

Decide whetherdivould have been rejected or would not have beewtesl with each of the followin
significance levels: (i = 0.01, (ii))a = 0.10.

Optional: Verify that the pooled two samplestatistic isty; = —2.254, and explain why this is very
different from the separate two samptest statistic in part (b).

Stepl  H: H,: o=

Step 2

Step 3

Hypothesis Test for Self Test Problem 24-2

182



Self-Test Problem 24-3. A 0.01 significance level is chosen to see iféhis any evidence that mean blood
pressure is higher for employees at a Nuketowmfat¢han for employees at a Highville factory. ifkple
random sample of blood pressures is observed htfeatory. The sample from Nuketown, contained 35
employees with a mean blood pressure of 126.2 atanaard deviation of 8.9. The sample from Hitiavi
contained 40 employees with a mean blood pres$ur&79 and a standard deviation of 10.4.
(a) Explain why the data for this hypothesst should be treated as two independent sampbiesaf
instead of one sample of paired data.
(b) Complete the four steps of the hypothesisby completing the table titlétipothesis Test for
Slf-Test Problem 24-3. In the second step, if you subtract the meamdfghville from the mean for
Nuketown, you should find thét; = +3.724.
(c) What would the presence of one or moréieratin the data suggest about using a two satrpkd?
(d) Considering the results of the hypothesis, decide which of the Type | or Type Il errsrpossible,
and describe this error.
(e) Decide whetherdivould have been rejected or would not have beentesl with each of the followin
significance levels: (ix = 0.05, (ij)a = 0.10.
() Optional: Verify that the pooled two sampliestatistic ist73 = +3.685, and explain why this is so closd
in value to the separate two samplest statistic in part (a).

Hypothesis Test for Self Test Problem 24-3
Stepl H,: H,: o=

Step 4
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24-1

24-2

Answersto Self-Test Problems
(a) Two measurements of hours, one for TV andfoneadio, are recorded on each individual, making
this one sample of paired data.
(b) Step 1 Hyp: pr_r=0, H: u1_gr#z 0, (@ = 0.10, two-sided)
Step2 n=30,d =-4.9 hourssy = 10.1755 hours , anthy = — 2.638
Step 3 The rejection i = + 1.699 ott,g < — 1.699 (which can be written &g|[= 1.699).
Ho is rejected; 0.01 g-value < 0.02.

Step 4 Sincetyy = — 2.638 andhg005= 1.699, we have sufficient evidence to rejegt Mve
conclude that there is a difference betweenrtban time spent watching TV weekly
and the mean time spent listening to the radiekly among voters in the state
(0.01 <p-value < 0.02). The data suggest that the meaklyesdio hours is higher
than the mean weekly TV hours.

(c) The five-number summary is =21, —13, —3.5;28; +23 is a potential outlier, which might
make us question whether thstatistic is appropriate.

(d) Since His rejected, a Type | error is possible, whichdacluding thatt+_g# 0 when really
Mr_r= 0.

(e) H, would not have been rejected with= 0.01 but would have been rejected veitk 0.05.

(a) Measurements of millions of customers arendsxah once on each restaurant in one of two separate
groups, the southern chain and the northern ch@king this two independent samples of data.
(b) Stepd Hp: ps—pn =0, H: ps—pn # 0, (@ = 0.05, two-sided)

Step 2 ng =8, Xs=2.975 million customersg = 1.4859 million customers,

Ny = 15, Xn = 3.9 million customersyy = 0.4629 million customers,
tg=—1.717.
Step 3 The rejection igg = + 2.306 oitg < — 2.306 (which can be written &g+ 2.306).
Hy is not rejected; 0.10 g-value < 0.20.
Step 4 Sincetg =—1.717 andk.0025= 2.306, we do not have sufficient evidence teaeh,.
We conclude that there is no difference in teamnumber of customers between the
southern and northern parts of the chain (0.p&/&lue < 0.20).

(c) The five-number summary for the southern claih5, 1.95, 3.2, 3.95, 5.1; there are no owutlier
The five-number summary for the northernicha3.1, 3.5, 3.8, 4.4, 4.7, there are no oulier
Since there are no outliers, and neither of teitutions looks extremely skewed, there is neoaao

believe that the two sampliéest statistic is not appropriate.

(d) Since His not rejected, a Type |l error is possible, whie concluding thatis — iy = 0 when really
Ms—Hn # 0.

(e) Hy would not have been rejected with= 0.01 nor witho = 0.10.

(f) Optional: The pooled two samplestatistic ist; = —2.254 which is very different from the separate
two samplé test statistic, because the box plots and sanehelard deviations appear to suggest that
dispersion is much greater in the southern chain th the northern chain.

(continued next page)
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Answersto Self-Test Problems
(continued from previous page)
24-3 (@) Measurements of blood pressure are recordesl @meach employee in one of two separate groups,
the Nuketown factory and the Highville factory, makthis two independent samples of data.
(b) Step 1 Hy: pn —Mw =0, H: py — M1 > 0, @ = 0.01, one-sided)

Step 2 ny =35, Xy =126.25 =8.9, ny =40, Xy =117.95, = 10.4,t,3=3.724.
Step 3 The rejection i$;3= + 2.390. His rejectedp-value < 0.0005.
Step 4 Sincet;; = 3.724 and3.0,0.= 2.306, we have sufficient evidence to rejegt MVe
conclude that mean blood pressure is higheerfguloyees at a Nuketown factory tha
for employees at a Highville factony-¢alue < 0.0005).
(c) The presence of one or more outliers in tha deuld suggest that thetatistic may not be
appropriate.
(d) Since His rejected, a Type | error is possible, whichaacluding thatiy — iy > 0 when really
Hn —Hn = 0.
(e) Hy would have been rejected with bath- 0.05 andx = 0.10.
(f) Optional: The pooled two samplestatistic ist;; = +3.685 which is very close to the separate twd
samplet test statistic, because the sample standard amsaappear to suggest that dispersion is
roughly the same in the Nuketown and Highville éaiets.

=]

Summary
A measure of the amount of variation (dispersisa)expect to occur when using a statistic from a
sample to estimate a parameter in a populatidmeis@andard error of the statistic. Thetest statistic is found

simply by dividing the difference between the sampkanx and the hypothesized mean by the estimate of the
standard error of the meanvn. In a hypothesis test concerning the mean oflitierences between paired
observations, we can think of the observed diffeesras comprising one sample of observationsraictipe,

the hypothesized value of the mean difference @ suhypothesis test is almost always zergaifed t test is

a one sample hypothesis test wheretthestatistic is used with the sample mean and stdmdizviation of the

differences between pairs. Denoting the samplenroéthe differences ad and the sample standard deviation
of the differences as, we can write the test statistic for this hypotbésst as

£ = d-0_ d
n-1 Sd/ Sd/ .
Jn o /Jn
which we call thepaired t test statistic. This test will be appropriate when a simple mandample of
differences of paired observations is either setbéftom a normally distributed population or isaofufficiently
large size.
With data treated as two independent sampless#rghtions, a hypothesis test concerning the

difference between two means is based on comptranmean of one sample with the mean of the other
sample. In practice, the hypothesized value oflifference between means is almost always zere.leiv

andn, represent the two sample sizes,;{qtand X, represent the respective sample means, asef Ends,?
represent the respective sample variancestest statistic to compare two means with indepetsienple

random samples will be the difference between dnepte means<; — X, divided by an appropriate standard
error. One of two standard errors might be usededding on whether or not the two samples aretseldrom
populations having roughly equal standard deviatiofihe two possible test statistics arepbated two sample
t test statistic and theseparate two samplet test statistic, each of which can require a substantial amount of
calculation. Section B.2 of Appendix B providegedailed description of how to do the calculatidng, in
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practice these statistics are readily availablmfstatistical software and programmable calculat&ather
than having to decide which of the two santgiests to use, one approach would be just to alwsgghe
separate two samptdest statistic without concerning oneself with tee or not the standard deviations are
substantially different. This is a very reasonagproach, since both test statistics will gengitadl almost
identical when the population standard deviatioesegual, or close to equal.
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