Unit 25
Hypothesis Tests about Proportions

Objectives:
* To perform a hypothesis test comparing two popattagiroportions

Now that we have discussed hypothesis tests tpamrmeans, we want to discuss a hypothesis test to
compare proportions. Recall that thiest statistic that we have used in previous hgsis tests concerning

one population proportion was simply the difference between the sample pt'rmof) and the hypothesized
proportioni, divided by the standard error of the sample prtixmmn/)loil—Ao )/n under the assumption that
the hypothesized proportidg is correct. Specifically, thistest statistic in a hypothesis test about one
population proportion is
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Thez statistic used in hypothesis tests to comparepwportions with independent simple random
samples of sizes, andn, is of the same form. We shall consider only tedtsre the hypothesized difference
between proportions is zero, since this is geneth# case in practice (although it need not Gdje z statistic
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for this hypothesis test will be the differencevibetn the sample proportiorfsl — P, divided by the standard
error of the difference between the sample propostithat is,
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Wheref)* is thecombined sample proportion, that is, the sample proportion we calculate frambining

together the two samples. The denominator ofzktatistic estimates the standard error of thedifice
between the sample proportions under the assumibt@bithe two population proportions are equal, ueder
the assumption thatgHks true.

Denoting our two population proportionsXasandA, , we can write the null hypothesis as
Ho: A1 —A, = 0, which states that the two population prapog are equal. Thetest about two proportions is
performed using the same four steps that we haa@ inseach previous hypothesis test. We can varédiour

sample sizes are sufficiently large for #test to be appropriate by checking thﬁB* , (1 — B* ), nZB* ,

andny(1 —B*) are each greater than or equal to 5.

To illustrate, let us use a 0.10 significance leéwgerform a hypothesis test to see if therenis a
evidence of a difference between the channel 4ingparea and the channel 8 viewing area in thegstigm of
residents who viewed the 11:00 newscast telecalsbthychannels. A simple random sample of 17%lezds
in the channel 4 viewing area is selected, andhalsirandom sample of 225 residents in the chamewing
area is selected. Each resident in each sampikesi whether or not he/she viewed last night80Lldewscast.
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In the channel 4 sample, 49 residents viewed thecest, and in the channel 8 sample, 81 residésed the
newscast.
To verify that our sample sizes are sufficiendlygle for the z test to be appropriate, we firad fime

combined sample proportio?)* . Pooling the samples together, we find that ¢it@ sample size is

175 + 225 = 400 residents, and the number of thesdents who viewed last night's 11:00 newscast is
49 + 81 = 130. Consequently, the combined samplgagption of residents who viewed the newscast is

p, =130/400 = 0.325. By observing that (175)(0.325.875, (175)(0.675) = 118.125, (225)(0.325) =

73.125, and (225)(0.675) = 151.875 are each grdaar5, we verify that the use of theest statistic is
appropriate. We shall now perform theest about two proportions.

The first step is to state the null and alterreatiypotheses, and choose a significance level shakk
state the hypotheses in terms of the differencedmt proportions; the order of subtraction is duitiary
choice, and we shall choose to subtract the prigpofor channel 8 from the proportion for channelSince we
looking for a difference in either direction, thest is two-sided. We complete the first stepheftiypothesis
test as follows:

Ho: As—=Ag=0 vs. H: As—=AgZ 0 (G = 010) .
The second step is to collect data and calcutat@alue of the test statistic. From the dat, éasy to
find that the channel 4 sample proportion of resisievho viewed the newscast |, = 49/175 = 0.28, and that

the channel 8 sample proportion of residents wewed the newscasti|_s g =81/225 =0.36. We have
previously found that the combined sample proportibresidents who viewed the newscasf)i*s =130/400 =

0.325. We then calculate the value of our z tedistic as follows:

z= 028- 036 =-1.695.
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Although we have displayed the calculations to iohitae test statistic here, you can of course akeaing to
do the calculations with access to the

proper statistical software or Figure 25-1

programmable calculator.

The third step is to define the )
rejection region, decide whether or not tc ™~
reject the null hypothesis, and obtain the /
p-value of the test. Figure 25-1 displays /
the rejection region graphically. The
shaded area corresponds to values of the

Rejection Region for 7 with o = 0.10

™,
N,

test statistic wherg , — Pg away from ] :
the hypothesized zero difference betwee =
proportions and which are unlikely to = —
occur if H: Ay, —Ag = 0 is true. In order ~ Z00s £0.05

that this shaded area be equadite 0.10, -1.645 +1.645
therejection region is defined by tlzescore above which 0.05 of the area lies; belowntgative of thig-score
lies 0.05 of the area, making a total area of ORf@m the last row of Table A.8f(= «), or from the bottom of
Table A.2, we find thaty s = 1.645, and we can then define our rejectiororegigebraically as

z>+1.645 orz< —1.645 (i.e.z|=1.645).
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Since our test statistic, calculated in the seatad, was found to be= —1.695, which is in the rejection
region, our decision is to reject:th, —Ag = 0; in other words, our data provides sufficient evide to suggest
thatA, —Ag # O is true.

Figure 25-2 graphically illustrates Figure 25-2
thep-value. The-value hypothesis test is
the probability of obtaining a test statistic
valuez which represents a larger distance ™~
away from the hypothesized zero /
difference between proportions than the s
observed = -1.695. In Figure 25-2, the
observed test statistic valae —1.695 and p
the value +1.695 have both been located
on the horizontal axis. The shaded area
corresponds to test statistic values which _____—~ ——
represent a larger distance away from thi | |
hypothesized zero difference between z=-1.695 +1.695
means than the observed —1.695; in other words, the shaded area in Eig@&r2 is thg-value of the
hypothesis test. From the last row of Table Aif3«(), or from the bottom of Table A.2, we find tha695 is
betweerg, o5 = 1.645 andy 025 = 1.960, which tells us that the area aboveztbeore 1.695 is between 0.025 and
0.05. Therefore, the shaded area in Figure 251it;hwis thep-value, must be between 0.05 and 0.10. We
indicate this by writing 0.05 g-value < 0.10. The fact that 0.09<value < 0.10 confirms to us thag i3
rejected witha = 0.10. However, it also tells us thagwould be not be rejected with= 0.05 nor with
o = 0.01.

To complete the fourth step of the hypothesis testcan summarize the results of the hypothesisage
follows:

Sincez = — 1.695 and, o5 = 1.645, we have sufficient evidence to rejegt WWe conclude that there is
a difference between the channel 4 and channiehing areas in the proportion of residents who
viewed the 11:00 newscast telecast by both charf@€5 <p-value < 0.10). The data suggest that the
proportion is higher among the channel 8 viewers.

p-value for Test Statistic 7 =—-1.695
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A stacked bar chart can be used to
exhibit the data for this hypothesis test. Figure 25-3
Figure 25-3 is a stacked bar chart with the
two different channels labeled on the Comparison of C hannels 4 and 8
horizontal axis and the stacks defined by 100%
whether or not residents watched the 11:0C
newscast. B0% —
Up to this point, we have effectively
introduced five different hypothesis tests: a
one samplé test, a pairetlitest, a two
samplet test, a one sample z test about a
proportion, and a two sample z test
comparing proportions. We shall be
expanding this list as we introduce more
hypothesis tests later on. However, before 0% : :
introducing more hypothesis tests, we shall Channel4 Channel 8
consider a type of statistical analysis which
is an alternative to hypothesis testing.

60% —|: Viewed the Newscast
5 No
40% E L]

D Yes

Ralalive Fmquancy

20% —
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Sdf-Test Problem 25-1. A new medication for treating a particular ailrhento be compared to a standard
medication to see if there is any evidence thaptbgortion of complete cures is higher for the meedication.
A 0.01 significance level is chosen for a hypotbésst. In a simple random sample of 200 subjdwtsnew
medication is found to produce 140 complete curea;simple random sample of 300 subjects, thedstah
medication is found to produce 180 complete cures.
(&) Complete the four steps of the hypothiesisby completing the table titlétipothesis Test for
Self-Test Problem 25-1.
(b) Verify that the sample sizes are suffitieharge for thez statistic to be appropriate.
(c) Considering the results of the hypothesis, decide which of the Type | or Type Il errsrpossible,
and describe this error.
(d) Decide whetherHwvould have been rejected or would not have bgeotesl with each of the followin
significance levels: (ix = 0.05, (ii)a = 0.10.
(e) Construct an appropriate graphical disptayhe data used in this hypothesis test.

Hypothesis Test for Self Test Problem 25-1
Stepl  H: H,: o=

Step 2

Step 3

190




251

Answersto Sdf-Test Problems
(a) Step 1 Hy: AN —As=0, H: Ay —As> 0, @ = 0.01, one-sided)

Step 2 py = 140/200 = 0.70p s = 180/300 = 0.60p = 330/500 = 0.64, arzi= +2.282.

Step 3 The rejection ig> +2.326. His rejected; 0.01 g-value < 0.025.
Step 4 Sincez = 2.282 andy o95 = 2.326, we do not have sufficient evidence teaeH, . We
conclude that the proportion of complete cusasat higher for the new medication
(0.01 <p-value < 0.025).
(b) (200)(0.64) = 128, (200)(0.36) = 72, (300)#).6 192, and (300)(0.36) = 108 are all larger than
implying n is sufficiently large.
(c) Since His not rejected, a Type Il error is possible, vahie concluding thaky —As = 0 when really
AN —As> 0.
(d) H, would have been rejected with= 0.05 and witlo = 0.10.
(e) Figure 25-4 is one possible stacked bar chart

Figure 25-4
Comparison of Medications
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Summary

In a test comparing two population proportions, llypothesized value of the difference between

proportions is usually zero. With two sufficientirge independent simple random samples, thisthests test
can be performed by using the test statistic

Wheref)* is thecombined sample proportion, that is, the sample proportion we calculate frambining

together the two samples of sizgsandn,. An easy way to verify that the sample sizessaféiciently large

for thez test to be appropriate is by checking Mmaq_b* , (1 - B* ), nZB* , andny(1 — B*) are each greater

than or equal to 5.
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