Unit 27
One-Way Analysis of Variance

Objectives:
* To perform the hypothesis test in a one-way ansigbivariance for comparing more than two
population means

Recall that a two samptdest is applied when two population means aregbeimpared with data
consisting of two independent random samples. \audsed two available test statistics: the pobtedt
statistic and the separdttest statistic. Our recommendation was that \®eyee the separattest statistic, but
as be seen from the formulas (displayed in anezashiit and in Section B.2 of Appendix B, eachhafde test

statistics is a difference between sample means X, divided by an appropriate standard error. Wel stoat
consider a hypothesis test for comparing more twarpopulation means with data consisting of inaejeat
random samples. We letrepresent the number of populations; consequéahtiydata consists &findependent
random samples, one from each population.

As an illustration, we shall consider Table 27-1
which displays data consisting of three random dasnpf . Table 27_.1
rope breaking strengths (in pounds): one for rapad Breaking Strengths in Pounds of
Deluxe, one for rope brand Econ, and one for ropad Force for Three Rope Brands

Nogood. Our interest is in a hypothesis test &ikthere is

any evidence of a difference in mean breaking gtren Deluxe 165 162 159 162

among the rope brands. The null hypothesis ofseosiates Econ 156 163 158
that all the means are equal. Since the null hgxig in a Nogood 151 154 160

two sampléd test involves only two means, the alternative
hypothesis could be one-sided or two-sided depgnalinwhether we are looking for evidence of a déffece in
only one direction or in either direction. Howewahen the null hypothesis involves more than tveans,
there is only type of alternative hypothesis wesitder: one stating that there is at least one rgiffiee among
the means.

_ For instance, in comparing the mea Table 27-2
breaking strength among the three rope . .
brands, the null hypothesis states that the Sample Sizes and Mean Breaking Strengths

mean breaking strength is the same for the for the Three Rope Brands of Table 27-1

three rope brands. If this null hypothesis Deluxe 71, = X, = pounds
were not true, there are many different B
possibilities: the mean could be largest for Econ mg=__ x=__  pounds

Deluxe and equal for Econ and Nogood, th
mean could be smallest for Deluxe and eqt
for Econ and Nogood, the mean could be differenaficthree brands being largest for Deluxe andliesiafor
Nogood, the mean could be different for all thresnlds being largest for Deluxe and smallest fomEetc.

The fact that so many possibilities exist is whg ¢imly alternative hypothesis we consider is the stating that
there is at least one difference among the meAssa result, a hypothesis test involving more ttvem means

is always treated as one-sided.

In our illustration, the variable "Brand of Rops'a qualitative variable whose different categorie
define the different populations being comparadgdneral, one may consider more than one quaétati
variable, but we will not consider these more car@nalyses here. When only one qualitative vhrimsbused
to defined the populations whose means are beimgpared, a hypothesis test can be derived fromhaitpae
known as ane-way analysis of variancabbreviated asne-way ANOVA

Analysis of variance may at first seem like aragganame for a procedure whose purpose is to cempar
means, but this name is actually very appropriatabse the test statistic in an ANOVA is the rafitwo
measures of variation: the variation between sasmmbel the variation within samples. This tesistats

Nogood n, = Xy = pounds
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similar to a two sampletest statistic which has the difference betweeno sample means as its numerator
and a standard error as its denominator. We ¢ak ¢ the difference between means in the numeisd@
measure of variation (i.e., the difference) betwientwo samples, and we can think of the staneauat in the
denominator as a measure of variation within sasple

The numerator of our one-way ANOVA test statigtith the data in Table 27-1 is going to measure
how different from each other the three sample meae that is, the amount of variation among thepta
means. It should be an easy task for you to calewach of these sample means and complete Talldyp

entering the sample means and sample sizes. (audsfind thatnp = 4, ;(D =162,ng = 3, ;<E =159,ny = 3,
Xy = 155.)

The amount of variation among the sample meameasured from the deviations of the sample means
from what we call the grand mean (similar to the/Wee sample variance measures the variation amgpke

from the deviations of observations from the sampdan). Thigrand meandenoted as_<* , Isthe mean

obtained when all samples are combined togetheriné sample; we represent this total sample sire a
You can easily check that when all = 10 observations of Table 27-1 are combined tegethe grand mean

is ;(* =159. Variation among the sample means is basesfjuaring the deviation of each sample mean from

the grand mean, multiplying by the correspondinga size, and summing these results. This susguedres
is called thebetween samples sum of squaresich we shall denote &SB For the data of Table 27-1, you
can easily check th&SB= 84.

Thedf (degrees of freedom) associated with this sungoéwes for the numerator of our one-way
ANOVA test statistic is one less than the numbesarfiples being compared (i.e., one less than tmbeuof
categories of the qualitative variable which deditige populations in our one-way ANOVA). Wkisamples
being compared, we hadé=k — 1 associated witBSB which is 3 — 1 = 2 for the data of Table 27-1;shall
call this thenumerator dffor our test statistic. The numerator of our arar ANOVA test statistic is

SSRk-1) -

which is called théetween samples mean squanel denoted 84SB In general anean squares a sum of
squares divided by its associated degrees of freedtor the data of Table 27MSB= 84/2 = 42.

While the numerator of our one-way ANOVA test istit measures how different from each otherikthe
sample means are, the denominator of the testtitatieasures how different from each other theagions
within any particular sample are, that is, the anmiai variation within any particular sample. Thghin
sample variation is measured from the deviatioriadif/idual observations from the corresponding glam
mean by squaring the deviation of each observdtamn its respective sample mean and summing these
squares. This sum of squares is calledntitiein samples sum of squaresstheerror sum of squaregr
sometimes theesidual sum of squarksWe shall denote this sum of squareS8& For the data of Table
27-1, you can easily check tHaSE= 86.

Thedf (degrees of freedom) associated with this sungoées for the denominator of our one-way

ANOVA test statistic isn,— k. That is, we havdf = n, — k associated wit®SE which is 10 — 3 = 7 for the

data of Table 27-1; we shall call this tthenominator dfor our test statistic. The denominator of oue-evay
ANOVA test statistic is

>3 n-k)

which is called thavithin samples mean squaoe theerror mean squaré¢or theresidual mean squayand is
denoted a®1SE For the data of Table 27{USE= 86/7 = 12.286.
The formula for our one-way ANOVA test statistsc i
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MSB _ SS;7(/k—1)
MSE ss%n* 9

For the data of Table 27-1, you should now easilable to verify that the one-way ANOVA test stiatiss
3.42. While we have outlined how this test statist calculated, a more detailed description ef¢hlculation
is provided in Section B.3 in Appendix B for thédrested reader. By making use of the appropsiatéstical
software or programmable calculator, it is easghitain the sums of squares, degrees of freedonm swpares,
and test statistic value without having to grintbtigh all the calculations. With data sets lathan that of
Table 27-1, these calculations can be cumbersome.

This one-way ANOVA test statistic is similar taethooled two samplestatistic in that the
denominator measures variation within samples byragg that the variation is roughly the same withie
different samples. Recall that we recommendedyusie separatestatistic instead of the poolédtatistic to
avoid having to be concerned about whether orhassumption of the same variation within all das\s
reasonable. While alternative test statisticsaagglable for a one-way ANOVA for cases where samghow
drastically different variation (and readily avdila with the appropriate statistical software arggammable
calculator), we shall not discuss these in detiéh Our focus will be exclusively on the one-wdyOVA test
statistic obtained by dividing the between sampiean square by the error mean square.

A two-samplé statistic is compared to the appropriate Studedistribution in order to decide
whether or not to reject the null hypothesis. Veéadate this test statistic bgdf) and refer to it as tstatistic
with degrees of freedonif. In a one-way ANOVA, we decide whether or notdject the null hypothesis by
comparing our test statistic to an approprigher's f distribution In order to perform the hypothesis test in a
one-way ANOVA, we must first study thielistributions. Just as Table A.2 provides us witbrmation about
the standard normal distribution and Table A.3 mles us with information about thelistributions, Table A.4,
which extends over several pages in Appendix Ayigies us with information about tfiglistributions. The
figures at the top of Tables A.2 and A.3 indicdiat the standard normal distribution andtthestributions are
each symmetric and bell-shaped. In contrast,ithed at the top of the first page of Table A.4itades that
eachf distribution is positively skewed. The figureaiadicates that values from &distribution are always
nonnegative, unlike values from a normal distribaitdr at distribution, which may be negative or positive.

Table A.4 contains information about several ddfef distributions. Each differentdistribution is
identified bydf (degrees of freedom); however, edclistribution depends on two differediit: one called
numerator degrees of freedand one calledenominator degrees of freedorBach column of Table A.4 is
labeled by a value for numeratdfi and each row is labeled by a value for denomirdftoCorresponding to
each combination of numeratdirand denominatadf is a set of four values. As indicated at thedbpach
page of Table A.4, the first value of the set isftecore above which lies 0.10 of the area under the
corresponding f density curve, the second valtiee§score above which lies 0.05 of the area under the
corresponding f density curve, the third valuéhisfiscore above which lies 0.01 of the area under the
corresponding f density curve, and the fourth vadubef-score above which lies 0.001 of the area under the
corresponding f density curve.

The notation we shall use to representfibeores in Table A.4 is similar to the notationwse to
represent-scores in Table A.3. For instance, just as weldisgto represent thiescore above which lies 0.01
of the area under the density curve for the Stustedistribution withdf = 5, we shall usg 1. 00:t0 represent
thef-score above which lies 0.01 of the area undedémsity curve for the Fishefslistribution with
numeratodf = 5 and denominatalf = 13. Notice that when designatifigcores in Table A.4, we include in
the subscript both the numerator and denominatgneds of freedom followed by the area above-#wore.

Recall that our test statistic in a one-way ANOMAMSBdivided byMSE As we have seen, the
numeratodfisk — 1, sinceMSBis obtained by dividingSBby k — 1; similarly, we have seen that the

denominatodfis n,— k, sinceMSEis obtained by dividingSEby n.— k. Consequently, we shall use

f n. -k k -1 to denote this test statistic; that is, we cartenri

204



MSB _ SS%k 1)
MSE ss%n* 9

which we can refer to as Fishef’statistic withk — 1 numerator degrees of freedom amed k denominator

degrees of freedom. Recall that for the data dida7-1, we have found thiat; = 3.42.
Our null hypothesis in a one-way ANOVA states th Fi 271
the population means are all equal. If all sampéans gure /-

tuned out to be equal to each other fthtistic would be Typical Density Curve for

equal to zero (sinc8SBwould be equal to zero). However, . . . s .
even if the null hypothesis in a one-way ANOVArisd, we a Fisher SfDlStnb“tmn

still expect there to be some random variation agrtbe
sample means. The figure at the top of the fiagtepof
Table A.4 illustrates the distribution of theest statistic if
the null hypothesis is true. Figure 27-1 displtays same
typical density curve for ahdistribution. Notice that the
shape of this density curve suggests that a higpgption of
thef-scores for modtdistributions are roughly speaking in
the range from 0 to 2. In a one-way ANOVA, faast
statistic which is unusually large would providewith
evidence that at least one population mean isrdifitsfrom
the others. We then define the rejection regioam ame-way 0

ANOVA by thef-score above which lies of the area under the corresponding density cuviaerea is of
course the significance level. The shaded arézeifigure at the top of the first page of Tabld graphically
illustrates the type of rejection region we use imne-way ANOVA.

The same four steps we have used in the pastfarmenypothesis tests are used in a one-way
ANOVA. Let us use a one-way ANOVA with the datalable 27-1 to see if there is any evidence of a
difference in mean breaking strength among the boprds Deluxe, Econ, and Nogood. We shall chaose
0.01 significance level for the one-way ANOVA.

The first step is to state the null and alterreatiypotheses, and choose a significance level.ntihe
hypothesis of course states that mean breakinggstrés equal for the rope brands Deluxe, Econ,Naogbod.
We can state this null hypothesis in an abbrevitded and complete the first step of the hypothe=ss as
follows:

foe-kk-1=

Ho: Mo = Me = dn VS. H: At least one oOflp, U, andpy is different ¢ = 0.01) .

We complete the second step of the hypothesidyestlculating thé test statistic. Recall that we did
this earlier and found that

f2’ 7= 3.42.

The third step is to define the rejection regidecide whether or not to reject the null hypothesisi
obtain thep-value of the test. As we have indicated earber,rejection region is defined by thecore above
which lies an area equal to the significance le¥ar this hypothesis test, the rejection regioteined by the
f-score above which lies 0.01 of the area undef tlemsity curve with 2 numerator degrees of freedach7
denominator degrees of freedom; from Table A.4seethat thi§score id; 7. 00:= 9.55. We can then define
our rejection region algebraically as

f, 72 9.55 .

Graphically, we can picture the rejection regiotasesponding to the shaded area in the figutleeatiop of
the first page of Table A.4, where the value onhtbiezontal axis defining the rejection regior,is. ¢.01= 9.55.
Sinceour test statisti€, ;= 3.42 is not in the rejection region, our deaisg®not to reject b Pp = g = My ; in
other words, our data does not provide sufficieiidence against §pp = g = Un -
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Thep-value of this hypothesis test is the probabilitybtaining a test statistic valdig; which
represents greater differences among the samplestiean does the value actually obserfyed= 3.42.
Graphically, we can picture theevalue of this hypothesis test as correspondirtheéshaded area in the figure
at the top of the first page of Table A.4, where ¥alue on the horizontal axis is our observedsidistic value
f, 7= 3.42. By looking at the entries of Table A.4responding to 2 numerator degrees of freedom and 7
denominator degrees of freedom, we find that theenled test statistig ; = 3.42 is betweefy ;. 0.10= 3.26 and
f2. 7.0.05= 4.74. This tells us that the area abfve= 3.42, which is the-value, is between 0.05 and 0.10. We
indicate this by writing 0.05 g-value < 0.10. The fact that 0.05%<«alue < 0.10 confirms to us thap 4 not
rejected witha = 0.01. However, this also tells us thatwbuld be rejected withh = 0.10, but would not be
rejected witho = 0.05.

To complete the fourth step of the hypothesis testcan summarize the results of the hypothesisate
follows:

Sincef, ;= 3.42 and;, 7. 0.01= 9.55, we do not have sufficient evidence toateliy. We conclude that
the mean breaking strength is not different ferEteluxe, Econ, and Nogood rope brands
(0.05 <p-value < 0.10). SinceHs not rejected, no further analysis is necessary.

Notice that in the statement of results, the lastence indicates that no further analysis is r&azgs This is
always true in a one-way ANOVA when we do not refae null hypothesis, since concluding that the
population means are equal leaves us with no ureresiguestions. On the other hand, whenever wetrije
null hypothesis in a one-way ANOVA, we are conchgithat at least one of the population means feréifit,
and this leaves us with the question of which patiah mean or means are different. Answeringdhbisstion
requires further analysis. One type of analys&lalile to identify significantly different populah means is
discussed in the next unit.

Table 27-3
One-Way ANOVA Table

Source SS df MS f p-value
between | SSB| k-1 | MSB foetm i
Error | SSE | n.— k| MSE
Total | SST n.—-1

Often, the results from an ANOVA are summarizednmPANOVA table. Table 27-3 displays how a
one-way ANOVA tablis organized. The first column is label®durce This refers to the three sources of
variation on which the one-way ANOVA is based: Wagiation between samples, the variation within gas
and the total variation. We can think of the tefaliation as consisting of two components: theéatamn
between samples and the variation within sampléss is becaus8SB+ SSE= SST The second and third
columns of the ANOVA table are respectively labes&hnddf, referring to sums of squares and degrees of
freedom. Notice that the total degrees of freetoaone less than the total sample size, whichaestim of the
between samples degrees of freedom and the emgoeateof freedom. The last three columns of th©XKN
table contain respectively the two mean squared,dtatistic and the-value.
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Table 27-4
One-Way ANOVA Table for the Data of Table 27-1

Source SS df MS f p-value
Rope Brands

Error
Total

Table 27-4 is the one-way ANOVA table for the dattdable 27-1. Notice that in place of the label
"Between" we have put the label "Rope Brands" tpleasize that the three different brands of ropesvkeing
compared in this one-way ANOVA. Using the calciglas we have done previously for the data of TaMl.,
complete the ANOVA table in Table 27-4. (After yoomplete the ANOVA table, you should have 84,:86)
170 respectively in th8Scolumn; you should have 2, 7, and 9 in dfieolumn; you should have 42 and 12.286
respectively in thd1S column; you should have 3.42 in theolumn; you should have either
0.05 <p-value < 0.10 or an exaptvalue, obtained from a calculator or computethip-value column.)

Even though the one-way ANOVA is based the assomphat independent random samples are
selected from normally distributed populationshaling the same standard deviation,fttest in the one-way
ANOVA is known to be somewhabbust which means that it will still perform well ingeral situations when
the assumptions are not satisfied. In generel advisable to check how far data departures tl@mecessary
assumptions in order to make a decision as to whethnot to employ an alternative to the one-wOVA.

Self-Test Problem 27-1. A 0.01 significance level is chosen for a hypetbé¢est to see if there is any evidenfe
of a difference in mean yearly income among difiéglitical party affiliations in a particular $¢a The
individuals selected for the SURVEY DATA, displayasl Set 1-1 at the end of Unit 1, are treated agpuasing
four random samples: one from Republicans, one @mocrats, one from Independents, and one from
Others.

(a) Explain how the data for this hypothes# is appropriate for a one-way ANOVA.

(b) Complete the four steps of the hypothessis by completing the table titléti/pothesis Test for
Self-Test Problem 27-1As part of the second step, complete the coctiruof the one-way ANOVA
table, displayed as Table 27-5, where you shoualdl thatSSB= 183.825SSE= 7143.375, and
f3’ 26— 0.22.

(c) Decide which of the following would be bas a graphical display for the data and say \ihjour pie
charts, (ii) four scatter plots, (iii) four box péo

(d) Considering the results of the hypothesss, decide which of the Type | or Type Il errsrpossible,
and describe this error.

(e) Decide whethergdtvould have been rejected or would not have bgeotesl with each of the following
significance levels: (i = 0.05, (ii))a = 0.10.

(H What would the presence of one or mordienstin the data suggest about usingftetatistic?
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Hypothesis Test for Self Test Problem 27-1
Stepl H,: H,: o=

Step 4

Table 27-5
One-Way ANOVA Table for Self-Test Problem 27-1

Source SS df MS f p-value

Error

Total
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Answersto Sdf-Test Problems

27-1 (@) The data consists of independent random sansplected from more than two populations, and the
purpose of a one-way ANOVA is to compare meansiohslata.
(b) Step 1 Hy: Ur = Mo =W = Mo , Hi: At least one ofir, Up, Wi, andplo is different , ¢ = 0.01)

SteQ 2nNR=10,Xr=445np =8, Xp=49.4n =4, X, =42.5,np =8, X0 =44.0,
f3’ 26— 0.22.
Step 3 The rejection i3 6= 4.64. H is not rejected; 0.10 p=value.
Step 4 Sincef; ,5= 0.22 and;, 6. 0.01= 4.64, we do not have sufficient evidence toate}® .
We conclude that there is no difference in mgzarly income among the four politicg
party affiliations in the state (0.10p<value). Since Hlis not rejected, no further
analysis is necessary.
In Table 27-5, the first label in ti&ourcecolumn should be “Party Affiliation”; the entrigstheSS
column should respectively be 183.825, 7143.378,7@27.200; the entries in tdécolumn should
respectively be 3, 26, and 29; the entries inMiseolumn should respectively be 61.275 and 274.7452;
the entry in thé column should be 0.22; the entry in fhealue column should be either 0.1@«walue
or an exacp-value, obtained from a calculator or computer.
(c) Since yearly income is a quantitative variabderr box plots, one for each party affiliatiortegory,
is an appropriate graphical display.
(d) Since His not rejected, the Type Il error is possiblejalilis concluding that the means are all
equal when in reality at least one mean is differen
(e) Hy would not have been rejected with batk 0.05 andx = 0.10.
(f) The presence of one or more outliers in tha e\uld suggest that thetatistic may not be
appropriate.

Summary

A two sample t test statistic is the differenceasen sample mearns; — X, divided by an appropriate
standard error. A hypothesis test for compaking? population means with data consisting of irehejent
random samples is available from thee-way analysis of varian¢@NOVA. The test statistic in the one-way
ANOVA is somewhat similar to a two sampleest statistic, in the sense that it is the ratitwo measures of
variation: the variation between samples and thetran within samples.

Thegrand meardenoted as_(* , isthe mean obtained when all samples are combinedieginto one

sample; we represent this total sample size.as The squared deviation of each sample mean finengtand

mean is multiplied by the corresponding sample, sind these results are summed to produce whaliési¢he
between samples sum of squasdsbreviated aSSB We divideSSBby k — 1 to obtain théetween samples
mean squaregabbreviated aBISB TheMSBis the numerator of the test statistic in the wag-ANOVA and is
a measure of the variation between samples.

The deviation of each observation from its resgecample mean is squared, and these results are
summed to produce what is called thighin samples sum of squaresstheerror sum of squarefr sometimes
theresidual sum of squargsabbreviated aSSE We divideSSEby n, — k to obtain thevithin samples mean
squareor theerror mean squaréor theresidual mean squayeabbreviated aBISE TheMSEis the
denominator of the test statistic in the one-wayOAM and is a measure of how different from eacteothe
observations within any particular sample are, ilyahe amount of variation within any particutample.

In general, anean squarés a sum of squares divided by its associatededsgnf freedom. The test
statistic in a one-way ANOVA is the ratio of the anesquard/SBdivided by the mean squasSE This test
statistic is called a Fisherfstatistic. If the sample means were all equas,tist statistic would be equal to
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zero, since the numeratgtfSBwould be zero. The null hypothesis in a one-w&OVA states that the
population means are all equal and is rejected whefisher'd statistic

MSB _ SS%k 1)
MSE ss%n* 9

is sufficiently large, when compared to the Fisfedistribution withk — 1 numerator degrees of freedom and
n.— k denominator degrees of freedom. The results amne-way ANOVA are often organized into the

one-way ANOVA table displayed as Table 27-3.

The one-way ANOVA is based the assumption thagpetident random samples are selected from
normally distributed populations all having the sastandard deviation. Tligest in the one-way ANOVA is
known to be somewhabbust which means that it will still perform well ingeral situations when the
assumptions are not satisfied. Alternative tesisagailable when there is uncertainty about wirathe or
more of the assumptions are not satisfied. Actes® appropriate statistical software or prograainie
calculator allows one to avoid having to do muclhef calculation necessary in a one-way ANOVA.

foe-kk-1=
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