Unit 28
Scheffe’s Pair Wise Comparison of Means

Objectives:
* To understand why pair wise multiple comparisorhvaih overall significance levelis preferable to
individual pair wise comparisons each with the gigance levela
* To performScheffe's method of pair wise multiple comparisbien the null hypothesis in a one-way
analysis of variance is rejected

When we do not reject the null hypothesis in awag ANOVA, no further analysis is called for, sinc
we are concluding that several population meangs@ual. Since we did not reject the null hypothésithe
one-way ANOVA with the data of Table 27-1 (see Babr-4), no further analysis is called for. On dkteer
hand, rejecting the null hypothesis in a one-wayOAB\ prompts us to do some further analysis in otder
identify which population means are different freach other. Identifying significant differencesamg more
than two population means is a typemiltiple comparison

One might be tempted to identify significant Table 28-1
differences among means by simply applying a twogat , . .
test on each pair. In doing this, however, theaie Wheat Height (inches) of with
significance level will be larger than the indivadu Four Soil Types

significance level in each one of the two santpbsts. This

) . . o Soil T C 358 359 36.1 36.0 357
is because the probability of incorrectly rejectangull SO pe

hypothesis increases as the number of hypothesiss te SO%IT eG 339 358 35.6 35.7 358 337
performed increases. For instance, if we wereetéopm Soil Type H 35.6 355 35.8 355

three two sampletests each with a 0.05 significance level,| Soil Type T  36.0 35.9 36.0 36.1 36.2
the overall significance level for all three teistken together
could be as high as 0.14.

To understand why this occurs, consider the

Soil Type C n.= X.=

probability of observing a head when you flip a f@in. If | q.; Type G 7= 3=
you flip the coin only once, you have a 1/2 probgbbf N N
observing a head; however, if you flip the coirethtimes, Soil Type H  ny = X =
the probability that you observe at least one hetide

larger than 1/2, and if you flip the coin ten timi¢ss almost | Soill Type T 7. = Xp=

a certainty that you will observe at least one heHBads tells
us that if we perform enough hypothesis tests sanebusly each with a given significance level (€8§5), we
can expect a very high probability of incorrecyecting at least one null hypothesis. This isfbverlooked
by researchers who perform several simultaneousthgpis tests.

Multiple comparisons is used to maintain contngrothe overall significance level. While there ar
many multiple comparison methods available, wel shimbduce only one method here, knowrSaheffe's
method of pair wise multiple comparison of mealmsits most general form, Scheffe's method oftiple
comparison is very general, implying that it canused for the widest variety of different typesomparisons.
Here, we shall use it only for pair wise comparisbmeans.

There are three steps to applying Scheffe's pag multiple comparison method. The first stefois
obtain the absolute values of pair wise differertmsveen sample means. The second step is tooatiaies
against which the pair wise differences betweenpdameans are compared and identify the statiktical
significant pair wise differences. The third amastlstep is to state the results. Table 28-2alysph detail
these three steps for Scheffe's pair wise multptaparison method.

To illustrate Scheffe's pair wise multiple compari method, we shall first use a one-way ANOVA
with the data of Table 28-1 to see if there is aniglence of a difference in the mean height of whezong
four different types of soil labeled C, G, H, andWe shall choose a 0.05 significance level ferdhe-way
ANOVA.
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Table 28-2
Scheffe’s Method of Pair Wise Multiple Comparison of Means

(1) Obtain the absolute values of pair wise differences between sample means |x, — _xj.|.

(2) Identafy statistically significant difterences by finding those with an absolute value
larger than the corresponding comparison value

JO=1f 1 i MSE (Un,+1/n)

(3) State the significance level chosen and the direction of statistically significant
differences between pairs of means.

The first step is to state the null and alterreatiypotheses, and choose a significance level. We
complete the first step of the hypothesis tesblsws:

Ho: Uc =He = Un = Mt VS. H: At least one ofic, U, Un, andpy is different ¢ = 0.05) .

We complete the second step of the hypothesidyestlculating thé test statistic and constructing the
ANOVA table. The sample sizes and sample meandigptayed at the bottom of Table 28-1. With the
appropriate statistical software or programmableutator, you may verify that these sample mearscarrect
and that the ANOVA table displayed as Table 28-&isect. From the ANOVA table, we obtain the daling
f statistic:

f3y 16— 9.89.

The third step is to define the rejection regidecide whether or not to reject the null hypothesisl
obtain thep-value of the test. Our rejection region is dedfity thef-score above which lies 0.05 of the area
under the density curve with 3 numerator degrees of freedach16 denominator degrees of freedom; from
Table A.4, we see that tHiscore i3 16:0.05= 3.24. We then define our rejection region atgatally as

fs 16> 3.24 .

Graphically, we can picture the rejection regiorc@sesponding to the shaded area in the figutieestiop of
the first page of Table A.4, where the value onhibezontal axis defining the rejection regiorsigs. 0.0s= 3.24.
Sinceour test statisti€; ;6= 9.89 is in the rejection region, our decisiotoiseject H: pic = Ug = Hp = Mt in
other words, our data provides sufficient evidetiacsuggest at least one difference among the means.

Table 28-3
One-Way ANOVA Table for the Data of Table 28-1

Source SS df MS f p-value
Soil Type 0.495 | 310.16500| 9.89 |<0.001
Error 0.267 |16]0.01669
Total 0.762 |19
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Thep-value of this hypothesis test is the probabilitybtaining a test statistic valdig 6 which
represents greater differences among the samplesniean does the value actually obserfyed= 9.89.
Graphically, we can picture thevalue of this hypothesis test as correspondirtheéshaded area in the figure
at the top of the first page of Table A.4, where ¥alue on the horizontal axis is our observedsiadistic value
f3,16= 9.89. By looking at the entries of Table A.4responding to 3 numerator degrees of freedom &énd 1
denominator degrees of freedom, we find that treenked test statistig 16 = 9.89 is greater than
f3, 16:0.001= 9.01. This tells us that the area abfave = 9.89, which is thg-value, is less than 0.001. We
indicate this by writingp-value < 0.001. The fact thpdvalue < 0.001 confirms to us thag 14 rejected with
o = 0.05. However, this also tells us thatwbuld be rejected witth = 0.01 of course withh = 0.10.

To complete the fourth step of the hypothesis testcan summarize the results of the hypothesisate
follows:

Sincefs 1= 9.89 and; 16 0.01= 3.24, we have sufficient evidence to rejegt MVe conclude that there
is at least one difference in the mean heightlodat among the four different types of soil labelgds,
H, and T p-value < 0.001). Sinceds rejected, we need to use multiple comparisaddotify
significant differences between the means.

Notice that in the statement of results, the lestence indicates that further analysis is necgsspecifically,
we need to use multiple comparison to identifydbi types for which the mean height is differe¥te shall
use Scheffe's pair wise multiple comparison method.

Table 28-4
Step 1 of Scheffe's Method for the Data of Table 28-1

Absolute Values of Pair Wise Differences Between Sample Means |x, — i:j.\

Type C (x = 35.90)

Type G (x; = 35.75)

Type H (x = 35.60)

Type T (z; = 36.04)

Type C (x. = 35.90) 0.15 0.30 0.14
Type G (x; = 35.75) 0.15 0.29
Type H (x,; = 35.60) 0.44

Type T (xz; = 36.04)

The first step of Scheffe's method is to obtamdbsolute values of pair wise differences between
sample means. Recall that the sample means alaydid at the bottom of Table 28-1. An easy way to
organize these differences is to construct a tabtifferences as displayed in Table 28-4. The headings
and the column headings are the different soilgydeach entry in the table is the absolute vafube
difference between the sample means correspondlitigetrow and column heading. We have not included
diagonal entries in the table, since these wouldeakqual to zero; we certainly do not need tomam® a
sample mean with itself. Also, we have includely @mtries in the upper right triangular portiontbé table,
since the entries in the lower left triangular ortwould just be redundant. Consequently, we heventries
in the “Type C” column and no entries in the “Typerow; we could have elected to eliminate this ramd
column altogether. For the sake of conveniencehave included the corresponding sample mean sith e
row and column heading. Do the calculations téfwénat Table 28-4 is correct.

The second step of Scheffe's method is to ob&lineg against which we can compare the absolute
values of differences between sample means. Wikcslighese the comparison values. An easy way t
organize these comparison values is to constrtatila organized in the same way as the table aflates
differences between sample means. This has beenidd able 28-5. The row headings and the column
headings are the different soil types. Each enttlie comparison table is calculated from the fdem
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displayed in Step 2 of Table 28-2. Tlke<(1) in this formula is the between samples degoédreedom. The

f n. -k k-1.q in this formula is thé-score witha of the area above it, or, in other words, fiseore which

defines the rejection region in our hypothesis td$teMSEin the formula is, of course, the mean squarererro
The last factor under the square root in the foansithe sum of the inverses of the correspondingpte sizes.

Table 28-3
Step 2 of Scheffe's Method for the Data of Table 28-1

Comparison Values J(‘ﬁl —Dfa_1,20-0;0 MSE (I/n;+1/n) (with o = 0.05)

Type C (2, = 5) Type G{ng=6) | TypeH(my=4) | Type T (;=5)
Type C (2. = 5) 0.24 0.27 0.25
Type G (g = 6) 0.26 0.24
Type H (1, =4) 0.27
Type T (n; = 5)

Let us illustrate how we would calculate the corgmm value in the row for soil type C and the cotu
for soil type G. The degrees of freedom for sgilets isk — 1 = 4 — 1 = 3, thescore with 0.05 of the area above
it was found earlier to big 1. 0.0s= 3.24, and the mean square error from the ANOMaAet (Table 28-3) is
0.01669. For the sake of convenience, we havaded the corresponding sample size with each ralv an
column heading in Table 28-5. The sample sizesponding to soil types C and G are respectivelgdbo
(which is easily seen from the data displayed inl@28-1). We see then that the comparison valtled row
for soil type C and the column for soil type G is

J(4-1)(324)(0.01669(1/5+1/6) =0.24 .

Do the calculations to obtain this value in oraeverify that the corresponding entry in Table 28-Borrect.

You should realize that when calculating the ottenparison values, only the sample sizes in the
formula will change. Do all of the calculationsdbtain the other comparison values, and verify Tiadole 28-5
is correct. As in Table 28-4, we do not need tmgare a sample mean with itself, and therefore ave Imot
included diagonal entries in Table 28-5; also, &eehincluded only entries in the upper right trialag portion
of the table, since the entries in the lower tridagportion would just be redundant. As in Tab®e5, the
“Type C” column and the “Type T” row could have bediminated.

We complete the second step by identifying thssizally significant pair wise differences. Each
the absolute differences in Table 28-4 is comptodde corresponding value in Table 28-5; thoselals
differences which are larger are declared as statily significant at thex = 0.05 level, and those absolute
differences which are smaller are not statisticsiliynificant at thex = 0.05 level. Compare Tables 28-4 and
28-5, and circle each absolute difference in TaBlg which is larger than the corresponding vatug&dble
28-5. (You should circle the absolute differeneen®en sample means for types C and H, types Taadd
types T and H.)

The third and last step of Scheffe's method &dte the results, including the significance laral the
directions of differences. After checking the dtien of the significant differences, you shouldifyethat we
can summarize the results of Scheffe's methodllasvi
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With a = 0.05, we conclude that the mean height of wiseat
larger with soil type C than with soil type H,
larger with soil type T than with soil type G,
and
larger with soil type T than with soil type H.

Box plots, one for each soil type, . ~
might be used to graphically display the Figure 28-1 .
results of the one-way ANOVA and Dot Plots for the Samples in Table 28-1

Scheffe's method. However, because of th Soil Type
small sample sizes, we have decided to us
the contiguous dot plots displayed as Figur oo o o o
28-1. (Since a box plot depends on the
five-number summary, we prefer to have at G 6 o o 4
least 5 observations per sample in order to
construct a box plot.) H o

We should point out one
embarrassing feature about multiple T °
comparison. Although it does not happen | | | | | | | | | |O |O
very Often, itis pOSSibIe to rejeCt the null 350 3572 35 4 356 358 36.0 36.2
hypothesis in a one-way ANOVA but then Height (inches)
not find any significant differences when
multiple comparison is used. This could happehefp-value in the one-way ANOVA f test is just beloveth
significance level, which is an indication that thedence against the null hypothesis was justlypateong
enough to lead us to reject the null hypothesis.

Self-Test Problem 28-1.A 0.05 significance level is chosen for a hypstheest to see if there is any eviden
of a difference in mean weekly TV hours of votemsag the rural, suburban, and urban areas in &part
state. The individuals selected for the SURVEY BAdisplayed as Set 1-1 at the end of Unit 1, ezatéd as
comprising three random samples: one from the ared, one from the suburban area, and one fromrbam
area.

(a) Explain how the data for this hypothes# is appropriate for a one-way ANOVA.

(b) Complete the four steps of the hypothessis by completing the table titlétl/pothesis Test for
Self-Test Problem 28-1As part of the second step, complete the coctsdruof the one-way ANOVA
table, displayed as Table 28-6, where you shouldl thatSSB= 231.8,SSE= 466.5, and, ,;=6.71.

(c) If multiple comparison is necessary, agptheffe's method and state the results; if meltjgmparison
is not necessary, explain why not.

(d) Decide which of the following would be bas a graphical display for the data and say \{inthree
pie charts, (ii) three scatter plots, (iii) thremxtplots.

(e) Considering the results of the hypothtess decide which of the Type | or Type Il errsrpossible,
and describe this error.

() Decide whether gHvould have been rejected or would not have beentesl with each of the followin
significance levels: (ix = 0.01, (ij)a = 0.10.

(g) What would the presence of one or moréeystin the data suggest about usingftaetistic?
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Hypothesis Test for Self Test Problem 28-1
Stepl H,: H,: o=

Step 4

Table 28-6
One-Way ANOVA Table for Self-Test Problem 28-1

Source SS df MS f p-value

Error

Total
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28-1

Answers to Self-Test Problems

(a) The data consists of independent random samsplected from more than two populations, and the
purpose of a one-way ANOVA is to compare meansiohslata.
(b) Step 1 Hy: Ur = Us = Hu , Hi: At least one ofir, Us, andyy is different , ¢ = 0.05)

&[)_2 Ng = 10, XRr= 86, Ns = 10, Xsg= 13.0,nu = 10, Xy = 153, f2’ 27 = 6.71.

Step 3 The rejection i$, 7= 3.35. His rejected; 0.001 g-value < 0.01.

Step 4 Sincef, ,;=6.71 and;, 7. 0.05= 3.35, we have sufficient evidence to rejegt MVe
conclude that there is no difference in meankiyeEV hours of voters among the rural,
suburban, and urban areas in a the state (&.p8dalue < 0.01). Since Hs rejected,
we need to use multiple comparison to ideniigyisicant differences between the
means.

In Table 28-6, the first label in ti@burcecolumn should be “Area of Residence”; the entinethe SS
column should respectively be 231.8, 466.5, and3%Be entries in thdf column should respectively
be 2, 27, and 29; the entries in M& column should respectively be 115.9 and 17.2#¥8entry in the
f column should be 6.71; the entry in figalue column should be either 0.00p«alue < 0.01 or an
exactp-value, obtained from a calculator or computer.
(c) The absolute differences between sample me@nas follows:
4.4 for rural and suburban, 6.7 for rural andanl®2.3 for suburban and urban.

The comparison value is 4.8 for each pair.

Witha = 0.05, we conclude that the mean weekly TV hofissters is larger in the urban area than

in the rural area.
(d) Since weekly TV hours is a quantitative valeathree box plots, one for each area of residence
category, is an appropriate graphical display.
(e) Since His rejected, the Type | error is possible, whiglkoncluding that at least one mean is
different when in reality the means are all equal.
(f) Ho would have been rejected with bath= 0.01 andx = 0.10.
(g) The presence of one or more outliers in thia deuld suggest that tlistatistic may not be
appropriate.

Summary
When we do not reject the null hypothesis in awag ANOVA, no further analysis is called for, sinc

we are concluding that several population means@ual. When we do reject the null hypothesis ame-way
ANOVA, further analysis is desirable in order teidify which population means are different froncleather.
Identifying significant differences among more tha population means is a typerotiltiple comparison
Multiple comparison is used to maintain control rothee overall significance level. If we performoaigh
hypothesis tests simultaneously with a given sigaifce level without using multiple comparison, e
expect a very high probability of incorrectly rajeg at least one null hypothesis.

Scheffe'snethod of pair wise multiple comparissnone of many multiple comparison methods

available. This method consists of the three stigdayed in Table 28-2. Although it does notpepvery
often, it is possible to reject the null hypothéasia one-way ANOVA but then not find any signifita
differences when multiple comparison is used. Thigdd happen if thp-value in the one-way ANOVA f test
is just below the significance level, which is adication that the evidence against the null hypsithwas just
barely strong enough to lead us to reject thehygbthesis.
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