Unit 29
Chi-Square Goodness-of-Fit Test

Objectives:
» To perform the chi-square hypothesis test concgrpioportions corresponding to more than two
categories of a qualitative variable
» To performthe Bonferroni method of multiple comparison when the null hypothesis in a chi-square
goodness-of-fit is rejected

The chi-square goodness-of-fit test is a genextidin of thez test about a population proportion. If the
manager at a particular manufacturing plant betigkiat 20% of the packages from an assembly liee ar
underweight, the test about a proportion could be used to seeiktls any evidence against this belief.
However, if the manager believes that 20% of thekgges are underweight, 30% are of the packages are
overweight, and 50% of the packages are an acdeptegiight, thez test is not appropriate, since more than two
categories are involved. When the null hypothesigerns proportions corresponding to more than two
categories of a qualitative variable, the chi-squgpodness-of-fit test is appropriate. If wekle¢present the
number of categories, théns the number of population proportions. The hyjpothesis in a chi-square
goodness-of-fit test states hypothesized valuethfsse population proportions.

The test statistic in the chi-square goodnesstoédt is

, _<(0-E)

X k-1 Z E
whereO represents observed frequencies Bmdpresents frequencies that are expected iféte actually true.
The symbolx is the Greek letter chi. The superscript 2 onxtieto emphasize that the test statistic involves
squaring, hencg? is read as “chi-squared.” The subsckipt1 refers to the degrees of freedom associatéd wi
the test statistic.

In a chi-square goodness-of-fit test, we decidetir or not to reject the null hypothesis by conmga
our X test statistic to an approprigtédistribution. In order to perform the chi-square goodnesstaést, we
must first study the? distributions. Table A.5 provides us with infortisa about theg? distributions. The
figure at the top of the first page of Table A.Bigates that eack? distribution, like each distribution, is
positively skewed; also, the values frorg“alistribution are nonnegative just as are the wafu@m arf
distribution are nonnegative.

Table A.5 contains information about several Ficure 29-1
differentx? distributions, each of which is identified tf g
(degrees of freedom). The information abgfudistributions ~ Typical Density Curve for a
in Table A.5 is organized similar to how the inf@ton s o s
aboutt distributior?s is organized in Table A.3. The raavs Chl_sq“are (xz) Distribution
labeled withdf, and the columns are labeled with various
areas under g density curve. The notation we shall use tc
represent thg’scores in Table A.4 is similar to the notatiol
we use to represefiscores in Table A.4 artescores in
Table A.3. For instance, just as we tisg, to represent the
t-score above which lies 0.01 of the area undedémsity
curve for the Studenttdistribution withdf = 5, and just as
we usefs 13.0,01t0 represent thescore above which lies 0.01
of the area under the density curve for the Fislher'
distribution with numerataodf = 5 and denominatalf = 13, 0
we shall use’s. 001 t0 represent thg®-score above which
lies 0.01 of the area under the density curvetfet distribution withdf = 5. Table A.5 extends over two
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pages because unlike thdistributions, thex® distributions are not symmetric. Théistributions have the
property that thé-scores in the negative half and tkerores in the positive half are mirror imagesaifre
other; consequently, we only need the informatiooua the positive half. Since the values froxf a
distribution are only nonnegative, we must tabkevhlues at the left end of the distribution (netwezero) and
the values at the right end of the distributionssafely. For our purposes, we shall only need/éihees on the
first page (the upper end).

Now, let us suppose we collect data for a chi-sgjgaodness-of-fit test, that is, that is, we have
observed frequencies for eachkafategories of a qualitative variable. If eachested frequency, denot&d)
were exactly equal to the corresponding frequehayis expected if Fwere actually true, denoted By then
thex” test statistic would be exactly equal to zerowkieer, even if jwere actually true, we still expect there
to be some random variation betwé&2andE. The figure at the top of the first page of Tahl6 illustrates the
distribution of thex? test statistic if the null hypothesis is truegiifie 29-1 displays this same typical density
curve for ax? distribution, and this looks very similar to Figu27-1 which displays a typical density curve for
anf distribution. Notice that, like the typical detysturve for arf distribution, the typicax? density curve has
a shape which suggests that a high proportionegf#scores are roughly speaking in the range from2 tn
a chi-square goodness-of-fit tesi’aest statistic which is unusually large would pdevus with evidence that
the hypothesized proportions are not all corr&e then define the rejection region in a chi-square
goodness-of-fit test by thé-score above which lias of the area under the corresponding density cuviiere
o is of course the significance level. The shaded & the figure at the top of the first page able A.5
graphically illustrates the type of rejection regive use in a chi-square goodness-of-fit testvemdind this to
be similar to the type of rejection region in a-eveey ANOVA f test.

The same four steps we have used in the pastforpehypothesis tests are used in a chi-square
goodness-of-fit test. Let us use a chi-square gesslof-fit test to see if there is any evidencaregd the belief
that 20% of the packages from an assembly lineiraderweight, 30% are of the packages are overweagiit
50% of the packages are acceptable weight. Weseh@®.05 significance level to perform this hypsth test,
which is described in Table 29-1a.

LettingAy, Ao, andA, respectively represent the population proportaigackages which are
underweight, overweight, and an acceptable weight;omplete the first step in our hypothesis tegblows:

Ho: Ay = 0.2,A0 = 0.3,A4 = 0.5 vs. H: Not all of the hypothesized proportions are ccirrdo = 0.05) .

Copy these hypotheses and the significance lev@&iap lof Table 29-1a.

The second step is to collect data and calcutat@alue of the test statistic. In the simple cand
sample of 415 packages selected from the assemblinl Table 29-1a, 106 are found to be underweipht
are found to be overweight, and 198 are found t@ laa acceptable weight; these are the observgdeneies,
represented b@. If Ho were true, we would expect that out of 415 rangoselected packages, (0.2)(415) will
be underweight, (0.3)(415) will be overweight, #8d)(415) will be an acceptable weight. Thesetlage
expected frequencies, representedEbyCalculate these expected frequencies, and g@eesults in the
appropriate places in StepPTable 29-1a; notice that the observed frequenlave already been entered.
(You should find that the expected frequenciesespectively 83.0, 124.5, and 207.5.)

Now that we have the values f0randE, it is a simple matter to calculate the test stiati Before
calculating the test statistic, however, a comnadoiut expected frequencies is in order. We dametpret an
expected frequency as a frequency that we musssaily observe if Hlis true, because we expect that there
will be some random variation. For instance, ifiyeere to flip a perfectly fair coin 10 times, tiepected
frequency of heads is 5; however, because of randoration, we certainly should not be surprisedltserve
6 heads or 4 heads. The correct interpretati@an@xpected frequency is that it is an averagheofrequencies
that we would observe if simple random samplefiefsame size were repeatedly selected. Dependitigeo
sample size, it may not even be possible to agtoalberve an expected frequency. If you wereipaliie fair
coin 9 times, the expected frequency of headbiswhich is not possible to actually observe, b&twould be
the long term average for expected frequencies.

Recall that the test about a proportion is appropriate only if thedom sample size is sufficiently
large; this is also true for the chi-square goodrtedit test. In general, the random sample sizebe
sufficiently large if each expected frequenky s greater than or equal to 5. If one or moréhefexpected

219



frequencies is less than 5, categories can be cealin a way to insure that &= 5. You should notice that
each of the expected frequencies calculated ineT2®l1a is greater than 5.

We now return to the calculation of our test stati Since our hypothesis test involkes 3
categories, there ake- 1 = 3 — 1 = 2 degrees of freedom associatedthgthest statistic. Substituting the
observed and expected frequencies into the tdststdormula, we have

. _ (106-83°  (111-1245)° (198-2075)’
X 83 1245 2075

Do this calculation, and enter the result in therapriate place in Stepd& Table 29-1a. (You should find that
X% = 8.272.) In general, calculating the chi-squgmedness-of-fit test statistic is not too diffiguut the
appropriate statistical software or programmableutator will be readily available.

Table 29-1a
Hypothesis Test Concerning Assembly Line Packages

A 0.05 significance level 1 chosen for a hypothesis test to see if there 18 any evidence against
the belief that 20% of the packages from an assembly line are underweight, 30% are of the
packages are overweight, and 50% of the packages are acceptable weight. In a simple random
sample of 415 packages selected from the assembly line, 106 are found to be underweight,
111 are found to be overweight, and 198 are found to have an acceptable weight

Stepl  H:

(x' =
H,;:
Step 2 Underweight Overweight Acceptable
Observed Frequencies (O) 106 111 198

Expected Frequencies (E)

Step 4
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Table 29-1b

Hypothesis Test Concerning Assembly Line Packages
Bonferroni Method:

Underweight Overweight Acceptable
Sample Proportion

Z-3COIS

Statement of results:

Thethird step is to define the rejection region, decaihether or not to reject the null hypothesis, and
obtain thep-value of the test. The shaded area in the figtitee top of the first page of Table A.5 grapHical
illustrates our rejection region, which is defirgdthex*-score above which lies 0.01 of the area under the
density curve for thg? distribution withdf = 2. From Table A.5, find the appropriatescore, and then define
the rejection region algebraically in Stepf3Table 29-1a. (You should find the rejectiogiom to be defined
by x% = 5.991.)

Since our test statistic, calculated in the sectap, was found to h&, = 8.272, which is in the
rejection region, our decision is to rejegt My = 0.2,Ac = 0.3,A5 = 0.5; in other words, our data provides
sufficient evidence that not all of the hypothedipeoportions are correct.

The shaded area in the figure at the top of tisé iage of Table A.5 graphically illustrates thealue,
which is the area above our observed test statiatieex?, = 8.272 under the density curve for ftfe
distribution withdf = 2. This shaded area would represent the prlityadfi obtaining a test statistic valyg,
which represents greater differences between therebd and expected frequencies than the obsersed t
statistic valug®, = 8.272. By looking at the entries in Table Adsresponding taif = 2, we find that the
observed test statistié, = 8.272 is betweeg?. ¢.025= 7.378 ank*. 0.0.= 9.210. This tells us that tpevalue
is between 0.01 and 0.025, which we can designateiting 0.01 <p-value < 0.025. The fact that
0.01 <p-value < 0.025 confirms to us thag 4 rejected witt = 0.05. However, this also tells us that H
would not be rejected withh = 0.01 but would of course be rejected vatk 0.10. Now, complete Stepo3
Table 29-1a.

To complete the fourth step of the hypothesis teste a summary of the results of the hypothtess
in Step 4of Table 29-1a. Your summary should be similath®following:
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Sincex22 =8.272 and(zz; 005= 5.991, we have sufficient evidence to rejegt MVe conclude that not

all of the hypothesized proportiorns, = 0.2,Ac = 0.3,Ax = 0.5, are correct (0.01p<value < 0.025).
Since His rejected, we need to use multiple comparisadeaotify which hypothesized proportions are
not correct.

When we do not reject the null hypothesis in asthiare goodness-of-fit test, no further analysis i
called for, since we are concluding that the hypsited proportions are correct. However, rejedtiegnull
hypothesis in a chi-square goodness-of-fit testnmts us to do some further analysis in order tatiflewhich
hypothesized proportions are not correct (as wieateld in the summary of results). Which hypotbedi
proportions are not correct can be identified withitiple comparison. We have previously introduced
Scheffe's method of multiple comparison of meang shall now utilize th&onferroni method to identify
which hypothesized proportions are not correct.

Table 29-2
Bonferroni’s Multiple Comparison Method to Identify Incorrect

Hypothesized Proportions
(1) Obtain the £ sample proportions p, , p, , ... , 7 » and the corresponding z-scores

— A .
Pi™ Mo fori=1,2,... ,k,where Ay, , Xy, , ... , Ay, are the respective
\/ Do (1 =2y hypothesized proportions.
7

(2) Compare each z-score to the two-sided rejection region defined by
ZE—Zg OF Z2Zg
2k 2k
(3) State the significance level chosen and the direction of statistically significant
differences between hypothesized proportions and sample proportions.

Recall that when making multiple comparisons, vemtito maintain an overall significance level. RVit
the Bonferroni method, we accomplish this by fiisiding the desired overall significance level 2k we then
use the resulting significance level on individoamparisons. There are three steps to using théeBoni
methaod for identifying which hypothesized propangaare not correct. The first step is to obtairsaore for
each sample proportion, based on the hypothesizguebgiions. The second step is to obtain a valianat
which the calculated-scores are compared, and to identify the hypatedgproportion(s) significantly different
from the corresponding hypothesized proportion{d)e third and last step is to state the resdlthle 29-2
displays in detail these three steps for the Boafemmethod to identify which hypothesized propamt are not
correct.

To illustrate this Bonferroni method, let us idgntvhich hypothesized proportions are not corffeaitn
the hypothesis test in Table 29-1. The first $ep obtain a-score for each sample proportion. Eadtore
indicated by the formula in Step 1 of Table 29-Bfithe familiar form where a hypothesized propmrtis
subtracted from a sample proportion, and the résdivided by a standard error which is the squaot of a
ratio computed by multiplying the hypothesized mmion and one minus the hypothesized proportiad, a
dividing this result by the sample size.

For the data in Table 29-1a, you should see beasample proportion of underweight packages is
106/415, the sample proportion of overweight paekag 111/415, and the sample proportion of packafie
acceptable weight is 198/415. Calculate eachaddlsample proportions, and enter the resultsin th
appropriate places in Table 29-1b. (You should fimat the respective sample proportions are 0,252475,
and 0.4771.)
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Since the sample proportion of underweight packaggs found to be 0.2554, and the hypothesized
proportion of underweight packages is 0.2,zlseore for the sample proportion of underweighikpges is

0.2554- 0.2 Figure 29-1
(02)L-02) ' Proportions for Selected Packages

415

Calculate thiz-score, and enter the result in the
appropriate place in Table 29-1b; then, repeat
this for the overweight packages and forthe  Overweicht 26.5%
packages of acceptable weight. (You should fi -
that the respectivescores are +2.821, —1.446,
and -0.933.)

The second step of Bonferroni's methot
is to obtain a value against which the calculate
zscores are compared. We shalluse a0.05 171y derw eight
significance level, which is the same significan
level chosen in the hypothesis test of Table
29-1a. If we were concerned with whether or r
only one sample proportion was different from
hypothesized proportion with = 0.05, we
would in essence be concerned with a two-sidedsangle z test. We would compare a sirzggeore against
Zy.025 (Wherea = 0.05 has been divided by 2, so that we caniigemsignificant difference in either direction.)
However, since we are actually concerned with tireportions, Bonferroni’'s method has us compasimgle
z-score againsty ; () = Zo.05/ 23) = Z0.05/6= Zo.ooss. Step 2 of Table 29-2 tells us that the diffeeshetween a
sample proportion and the corresponding hypothdgzeportion is considered statistically significarhen the
corresponding-score is found in the two-sided rejection regiefirted by

Acceptable 47.7%

25.5%

ZS—Zg @ OF Z227Zy ) (€., |Z2]2 24/ 29) -

In other words, with the Bonferroni method, weidésthe desired overall significance level, whish i
o = 0.05 in the present illustration, bl, 2vhich is (2)(3) = 6 in the present illustratioe then use the
resulting significance level 0.05/6 = 0.0083 toindefthe rejection region on each individual comgami You
will not find z, gegzat the bottom of Table A.2 nor at the bottom obl€aA.3. To obtairg goss, YOU must search
through the areas listed in the main body of TébRfor the closest area to 0.0083, and obtain the
corresponding-score. Use Table A.2 to verify thatyss= 2.395, and enter this value in the appropriédee
in Table 29-1b.

Now, treating each calculategcore just like a test statistic in a two-siaddst, look for the significant
differences by looking for each calculatesgicore which falls into the two-sided rejectionicgg

z<-2.395 orz=+2.395 (i.e.,|=2.395) .

Circle each calculaterdscore in Table 29-2b which represents a statltisggnificant difference. (You should
find that the difference between the sample propodnd the hypothesized proportion is statistycsigynificant
only for the underweight packages.)

The third and last step of Bonferroni's methotbistate the results, including the significanaeleand
the directions of differences. After checking thection of the significant differences, write yaiatement of
results in the appropriate place in Table 29-1burysummary the results of Bonferroni's method khba
similar to the following:

Witha = 0.05, we conclude that the proportion of undégimepackages is larger than the hypothesized 0.2.

A graphical display of the data is always helpfiubummarizing results. A bar chart or pie chart
displaying the sample proportions for each categayld be appropriate for the data of Table 29siae the
data consists of the one qualitative variable “tgpbpackage” with the three categories. Figurel29-a pie
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chart displaying the sample proportions for undégivepackages, overweight packages, and packages of
acceptable weight.

It should be no surprise that applying a chi-squgrodness-of-fit test when there are dady?2
categories will produce exactly the same resulth@®ne sampletest about the proportion for one of the two
categories. In fact, each of thescores with 1 degree of freedom in Table A.5 éssfuare of a corresponding
z-score. For instance, you can check thaf]® = 1.966 = 3.841, and tha{®s. ¢0s= 3.841.

Self-Test Problem 29-1. A particular car manufacturer has believed for séyears that among buyers of a
particular type of sports car, 40% prefer red, 30efer green, 20% prefer yellow, and 10% prefertevhin a
random sample of 252 buyers of the sports carptd#r red, 57 prefer green, 42 prefer yellow, 3@grefer
white. A 0.05 significance level is chosen forypdthesis test to see if there is any evidencenagthis belief.
(&) Explain how the data for this hypotheei is appropriate for a chi-square goodness-oégit
(b) Complete the four steps of the hypothesisby completing the table titlétlpothesis Test for
Self-Test Problem 29-1. You should find thag? = 15.262.
(c) If multiple comparison is necessary, agpbnferroni's method and state the results; if iphat
comparison is not necessary, explain why not.
(d) Verify that the sample size is sufficigriirge for the chi-square goodness-of-fit tedt¢appropriate.
(e) Considering the results of the hypothtest decide which of the Type | or Type Il errerpossible,
and describe this error.
() Decide whether §Hwvould have been rejected or would not have bgeotesl with each of the following
significance levels: (ix = 0.01, (ij)a = 0.10.
(g) Construct an appropriate graphical disptaythe data used in this hypothesis test.

Hypothesis Test for Self Test Problem 29-1

Stepl  H:
H;:

R
Il

Step 2

Step 3

Step 4

224



Figure 29-3
Bar Chart of the Data for Self-Test Problem 29-1
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Answersto Self-Test Problems

(a) The data consists of a random sample of obhtens of the qualitative variable “color,” and the
purpose of a chi-square goodness-of-fit test topare the sample category proportions of the
gualitative variable to hypothesized proportions.
(b) Step 1 Ho: )\R = 0.4,)\(3 = 0.3,)\Y = O.2,)\W =0.1 (O( = 005)
H,: At least one hypothesized proportion is not azirre
Step 2 For the respective colors red, green, yellowd, white, the expected frequencies are
100.8, 75.6, 50.4, and 25.%’; = 15.262
Step 3 The rejection ix% > 7.815. His rejected; 0.001 g-value < 0.005.
Step 4 Sincex23 =15.262 and(zg; 005= 7.815, we have sufficient evidence to rejegt MVe
conclude that not all of the hypothesized prtopos,Ag = 0.4,Ac =0.3,Ay = 0.2,
Aw = 0.1 are correct (0.001p=value < 0.005). SincedHs rejected, we need to use
multiple comparison to identify which hypothesizproportions are not correct.

(c) Red Green Yellow White
Sample Proportion 114/252 = 0.4524 57/252 =@R2242/252 = 0.1667 39/252 = 0.1548.
Z-score +1.698 —2.557 -1.322 +2.900
Zo.0062= 2.50

Witha = 0.05, we conclude that the proportion of buyseferring green is smaller than the
hypothesized 0.3, and that the proportiobwfers preferring white is larger than the hypsired
0.1.
(d) Since the expected frequencies are all grétader5, the sample size is sufficiently large for
chi-square goodness-of-fit test to be appropriate.
(e) Since His rejected, the Type | error is possible, whiglsoncluding that at least one hypothesize
proportion is not correct when in reality the hypegtized proportions are all correct.
(f) Ho would have been rejected with bath= 0.01 andx = 0.10.
(g) Since color is a qualitative variable, a biaart or pie chart is an appropriate graphical digpl
Figure 29-3 displays a bar chart.

225



Summary
With a sufficiently large sample size, the chi-wgugoodness-of-fit hypothesis test concerning
proportions corresponding ko> 2 categories can be performed by using the qii® test statistic

, _<(0-E)

X k-1 Z E )
whereO observed frequencies akdepresents frequencies that are expected Wétte actually true. The null
hypothesis, which gives hypothesized proportionsejected when the chi-square test statistiagetahan a
value determined from thehi-square distribution with k — 1 degrees of freedom. An easy way to check that the
sample size is sufficiently large is to verify tiaditE = 5.

When we do not reject the null hypothesis in astjuare goodness-of-fit test, no further analysis i
called for, since we are concluding that the hypsitted proportions are correct. When we rejechtlile
hypothesis in a chi-square goodness-of-fit testtipte comparison is desirable to identify whichplayhesized
proportions are not correct.

TheBonferroni method is one of many multiple comparison methods avéslabVhen applied to the
sample proportions from a chi-square goodnesstoédt, this method consists of the three stepgsalied in
Table 29 2.
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