Unit 30
Chi-Square Test Concerning I ndependence

Objectives:
» To perform the chi-square hypothesis test concgrmdependence in a contingency table
* To describe the relationship between two categovax@ables in a contingency table

While the chi-square goodness-of-fit test focumesategories defined by one qualitative variathle,
chi-test concerning independence in a contingealghe tfocuses on the relationship between two i
variables. For instance, consider Table 30-1, whisplays the raw frequencies when a simple ransmple
of voters in a city are classified according toXSand "Opinion on a Smoking Bill." If these twanables
were independent, then we would expect the reléteéguencies corresponding to the three opinioagtaies
not to change for the two sexes; alternativelyceld say that we would expect the relative fregiesn
corresponding to the two sexes not to change atiieghiree opinion categories.

The chi-square test concerning

independence can be used to see if there i Table 30-1

any evidence of a relationship between the Contingency Table for

two variables in a contingency table. The " " o . . ar1r
null hypothesis states that the two variableg Sex" and "Opinion on Bill

are independent, and the alternative Obinion on Smokingd Bill
hypothesis states that there is a relationshi| P g

between the two variables. Once the ;

observed frequencie®) and the expected Sex Against Neutral Favor
frequenciesK) have been obtained, the Male 104 80 152 336
formula for the test statistic is exactly the

same as in the chi-square goodness-of-fit | | Female 88 48 168 304
test. Recall that the degrees of freedom fo

the chi-square goodness-of-fit test statistic 192 128 320 640

one less than the number of categories for

the quantitative variable. There are two quamatariables involved in the calculation of the-suare test
statistic concerning independence, and the degfdesedom for this test statistic is the producboe less than
the number of categories for one quantitative Wéeiand one less than the number of categoriethéoother
quantitative variable. If we letrepresent the number of categories for the rovakbe in the contingency
table, and let represent the number of categories for the coluaniable, then the degrees of freedom for the
chi-square test statistic concerning independene-i1)c — 1). We may write the chi-square test statistic
concerning independence as

O-E)’
X - ve-1 = Z%

With a chi-square goodness-of-fit test statistie,have already seen how to obtain the expected
frequenciesk) by multiplying the sample size by each of thedtipesized proportions. With a chi-square test
statistic concerning independence, the expectegidrecies) can be obtained from

(row total Jcolumn total )

n

Go ahead and multiply the first row total in TaB@1 (336) by the first column total (192), andidesthis
product by the sample size £ 640) to obtain the expected frequency (100.8)He corresponding cell; then
check that this expected frequency (100.8) is disgd in the appropriate place in Table 30-2. Yaw then
verify that all the other expected frequencies abl€ 30-2 are correct. Remember that an expetgddncy is
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to be interpreted as the average frequency we wexgdct to occur when repeatedly taking random sesnif
the null hypothesis is true. Consequently, exgefiesquencies are not always integers (as is tbe icaTable
30-2), even though it is only possible to obsenteger frequencies.

Obtaining all the expected
frequencies in a contingency table can be ¢ Table 30-2
bit time Consuming, but then also haVIng to Expected Frequencies for Table 30_2
substitute these expected frequencies into
formula for the chi-square test statistic can Opinion on Smoking Bill
become very tedious. Of course, access tc _
the appropriate statistical software or Sex Against Neutral Favor
programmable calculator allows one to avo Ma/e 100 8 672 168.0 336
much of this calculation.

To illustrate the chi-square test Female 912 60.8 152.0 304
concerning independence, let us choose a
0.05 significance level to see if there is any, 192 128 320 640
evidence of a relationship between sex of tre

voter and opinion on the smoking bill, using théadaf Table 30-1. Note that there are two methmadahich
the data of Table 30-1 could have been obtainatk @ight first select one simple random sampleoténs,
and then classify each of them by sex and opiniothe bill. Alternatively, one might first selgeto
independent simple random samples of voters, amelszof males and one sample of females; then, each
selected voter is classified according to opiniartree bill. In either case, the data will be apiate for a
chi-square test concerning independence.

The same four steps we have used in the pastfrpehypothesis tests are used in a chi-squate tes
concerning independence. We can complete thesfiptin our hypothesis test as follows:

Ho: Sex of the voter and opinion on the smoking dmi# independent
VS. o(= 0.05)
Hi: There is a relationship between sex of the vater opinion on the smoking bill

Since this hypothesis test concerns two qualitatargables in a contingency table, there is no eldbted way
to write the hypotheses as there has been forrdvégois hypothesis tests we have discussed. Coesty, we
have written the hypotheses as complete sentett@sever, there are some equivalent ways that wklco
state the hypotheses. First of all, saying thatweriables are independent is the same thingyasgsthe two
variables are not related or not associated, ayidgthat there is a relationship between two \@désa is the
same thing as saying that there is a dependerggsociation between the two variables.

Also, recall that if two qualitative variablesancontingency table are independent, then thalulision
of column categories is the same for each row caye@nd the distribution of row categories is shene for
each column category. With this in mind, we cathdose to write the hypotheses as follows:

Hq: The distribution of opinions on the smoking lilithe same for males and females
VS. o(= 0.05)
H,: The distribution of opinions on the smoking llinot the same for males and females

We could alternatively choose to write the hypodisess follows:

Hqo: The distribution of sexes is the same for eadhefopinions on the smoking bill
VS. o(= 0.05)
H,: The distribution of sexes is not the same fohezdhe opinions on the smoking bill

In practice, the way that hypotheses are statadcim-square test concerning independence ofteendispon the
personal preference of the researcher(s) and/bowrthe data were collected.

The second step is to collect data and calcutateadlue of the test statistic. Tables 30-1 an& 30
provide us with the observed and expected freqaencihe sample size necessary for the chi-sqestre t
concerning independence, like with the chi-squaxgess-of-fit test, is sufficiently large onlyeiéich expected
frequency E) is greater than or equal to 5. If one or morthefexpected frequencies is less than 5, categorie
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can be combined in a way to insure that 5 for each cell of the contingency table. Not& #mch of the
expected frequencies in Table 30-2 is considergitagiter than 5.

Having verified that the sample size is sufficigfarge for the chi-square test concerning
independence, we are now ready to calculate thsttsstic. Since our contingency table has2 rows and
¢ = 3 columns, the degrees of freedom for the tasisic is ( —1)C—1) = (2 — 1)(3 — 1) = 2. Substituting the
observed and expected frequencies into the tddtistdormula, we have that

» _ (L04-1008)" (80-672)"  (152-1680)°  (88-912)°  (48-608)° , (168-1520)" _
10C.8 67.2 16€.0 91.2 60.8 152.0

8.555.

You can verify that the observed and expected &rqgies have been correctly entered into the formutathen
do this calculation to verify the final answer. €@furse, you may choose to do this calculationgiappropriate
statistical software or a programmable calculator.

The third step is to define the rejection regidecide whether or not to reject the null hypothessisl
obtain thep-value of the test. The shaded area in the figtitee top of the first page of Table A.5 grapHical
illustrates our rejection region, which is defirgdthex*-score above which lies 0.05 of the area under the
density curve for zxz distribution withdf = 2. From Table A.5, we find thnfz; 005= 5.991, and we can then
define the rejection region algebraically as folkow

x% = 5.991 .

Since our test statistic, calculated in the sected, was found to béz = 8.555, which is in the
rejection region, our decision is to reject thel hypothesis which states that sex of the votergpidion on the
smoking bill are independent; in other words, catadorovides sufficient evidence of a relationdfepiveen
these two variables.

The shaded area in the figure at the top of Figure 30-1
first page of Table A.5 graphically illustrates the
p-value, which is the area above our observed test 1t0%
statistic value(®, = 8.555 under the density curve fo #0%
thex? distribution withdf = 2. This shaded area E0%
would represent the probability of obtaining a test ~ 7*
statistic value®, which represents greater 60t :. - O A gainst
differences between the observed and expected " 1 BN eutral
frequencies than the observed test statistic value ~ 4'* WFavor
X% = 8.555. By looking at the entries in Table A5 !*

Opinions on Smoking Bill

corresponding tdf = 2, we find that the observed '
test statisticx% = 8.555 is betweegts: 0.05= 7.378 1:2

andx?. 0.0:= 9.210. This tells us that tipevalue is
between 0.01 and 0.025, which we can designate vy
writing 0.01 <p-value < 0.025. The fact that 0.0Jp<«walue < 0.025 confirms to us thag I4 rejected with
o = 0.05. However, this also tells us thatwbuld not be rejected with = 0.01 but would of course be
rejected witho = 0.10.

To complete the fourth step of the hypothesis testsummarize the results as follows:

M ale F em ale

Sincex22 = 8.555 and(zz; 005= 5.991, we have sufficient evidence to rejegt MVe conclude that there
is a relationship between sex of the voter andiopion the smoking bill (0.01 g=value < 0.025).
Since H is rejected, we need to describe the relationship.

When we do not reject the null hypothesis in asthiare test concerning independence, no further
analysis is called for, since we are concluding the two variables are independent. Howeverctigjg the
null hypothesis in a chi-square test concerningjehdence prompts us to investigate the relatiprghich we
are concluding exists. A stacked bar chart toldisthe data used in the chi-square test concerning
independence will be helpful. Figure 30-1 is @lstal bar chart with sex labeled on the horizonted and
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stacks defined by opinion on the smoking bill. iffethat from this stacked bar chart, we might didszthe
relationship we concluded exists as follows:

It appears that the percentage of voters favdhiadgill is higher among females than among maled,
that the percentage of voters neutral toward thesthigher among males than among females.

A two-sidedz test to compare two proportions is actually judifierent version of the chi-square test
concerning independence. To see this, returnpothgsis test corresponding to Figures 25-1, 2548,25-3,
where thez test to compare two proportions is used with 0.10to see if there is any evidence of a difference
between the channel 4 and channel 8 viewing areaeiproportion of residents who viewed the 11:00
newscast telecast by both channels. In a simpora sample of 175 residents in the channel 4 vigwaiea,

49 viewed the newscast; in a simple random sanf@@®residents in the channel 8 viewing area, i8ived

the newscast. We can organize this data into the

contingency table displayed as Table 30-3.
Looking for evidence of a difference Table 30-3

between the channel 4 and channel 8 viewing ares  Contingency Table for " Viewing

in the proportion of residents who viewed the 11:0( " "ere "
newscast is exactly the same as looking for evieler Area” and "Viewed the Newscast

of a relationship between viewing area and watchil Viewed the Newscast

the newscast. It should come as no surprise tren

applying a chi-square test concerning independen( | Viewing Area Yes No

in a contingency table with two rows and two Channel 4 49 126 175
columns will produce exactly the same results as t

two samplez test to compare proportions. As we Channel 8 81 144 225
stated previously, each of tlggscores with 1 degree

of freedom in Table A.5 is the square of a 130 270 400

corresponding-score. For instance, you can check
that [z5.0.9° = 1.960 = 3.841, and that®;. o.05= 3.841.

For the data organized into Table 30-3, we preshiptound that = —1.695 in the two-sideztest to
look for evidence of a difference between the ckeddrand channel 8 viewing areas in the proporion
residents who viewed the 11:00 newscast. We ik it to you to use the data displayed in T8bIS to
calculate the chi-square test statistic concertliegndependence of the two qualitative variablesiing area
and watching the newscast. You should find ths satistic to bg? = 2.872. To see how the two-sidetbst
statistic and the chi-square test statistic coriogrimdependence are related, you can checkAtra(-1.695j =
2.873=2.872 :)(21; if each statistic were calculated to more deciptates of accuracy, then one would find
thatZ = x% exactly.

Figure 30-2
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— : Buy Napple

Self-Test Problem 30-1. A 0.05 significance level is choser
for a hypothesis test to see if there is any evidenf a Residence Yes No
relationship between location of residence and idredr not
consumers buy the soft drink Napple. The resilthe Rural 127 81
market survey are displayed in the contingencyetabl the
right. Urban 248 344

(@) Choose all correct ways of completingfiowing

sentence: Looking for evidence of a relationshigpveen location of residence and buying Nappleés
same as looking for evidence
(i) of a difference between location ofidesice and buying Napple.
(ii) of a relationship between buying Napatal not buying Napple.
(iii) of a difference in the proportion w#sidents who buy Napple between the rural aredtsnd
urban area.
(iv) of a relationship between locations.
(v) of a difference difference in the projpan of rural residents between those who buy N&pp
and those who do not buy Napple.
(vi) of a difference between the proportanesidents who buy Napple and the proportion of
residence who do not buy Napple.
(b) Explain how the data for this hypothesst is appropriate for a chi-square test concerning
independence.
(c) Complete the four steps of the hypothesisby completing the table titlétlpothesis Test for
Self-Test Problem 30-1. You should find thag?, = 22.704.
(d) If necessary, describe the relationsliithis is not necessary, explain why not.
(e) Verify that the sample size is sufficigriirge for the chi-square test concerning indepand to be
appropriate.
() Considering the results of the hypothésst, decide which of the Type | or Type Il errsrpossible,
and describe this error.
(g) Decide whetherfvould have been rejected or would not have beentesl with each of the followin
significance levels: (ix = 0.01, (i))a = 0.10.
(h) Construct an appropriate graphical disptaythe data used in this hypothesis test.
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Step 1

Step 2

Step 3

Step 4

H,:
H;:

Hypothesis Test for Self Test Problem 30-1
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Answersto Self-Test Problems
30-1 (@) (iii)) and (V)
(b) The data consists of a random sample of obiens of two qualitative variables “location of
residence” and “whether or not consumers buy tlftedsimk Napple,” and the purpose of a chi-squar
test concerning independence is to decide whetheotdhere is a relationship between two quavitati

variables.
(c) Step 1 Ho: Location of residence and buying Napple are iedeent
VS. o(=0.05)
H,: At least one hypothesized proportion is not azrre
OR
H: The proportion of consumers buying Napple issame for rural and urban locations
VS. o(=0.05)
H: The proportion of consumers buying Napple isthetsame for rural and urban locatio
OR
Hy: The distribution of rural and urban locationghie same for consumers buying and not buying Napplé

VS. o= 0.05)
Hi: The distribution of rural and urban locationsi@@ the same for consumers buying and not buyirfphéa
Step 2 x% = 22.704
Step 3 The rejection ix* = 3.841. His rejectedp-value < 0.001.
Step 4 Sincex® = 22.704 ang(’;. 0.0s= 3.841, we have sufficient evidence to rejegt Mve
conclude that there is a relationship betweeatlon and buying Napple
(p-value < 0.001). Sinceds rejected, we need to describe the relationship.
(d) It appears that the proportion of residentgroy Napple is higher in the rural area than indhgan
area.
(e) Since the expected frequencies are all gréaders, the sample size is sufficiently largetfar
chi-square test concerning independence to be ppate.
(f) Since H is rejected, the Type | error is possible, whekoncluding that a relationship exists whe
in reality location of residence and buying Napgle independent.
(g9) Ho would have been rejected with batk= 0.01 andx = 0.10.
(h) See Figure 30-2.

Summary
With a sufficiently large sample size, the chi-aautest concerning independence in a contingency
table withr rows andc columns can be performed by using the chi-squestestatistic

O-E)
Xz(r—l)(c—l): Z% ,

whereO observed frequencies akdepresents frequencies that are expected Wete actually true. The null
hypothesis, which states that two qualitative \@esa in the contingency table are independengjected when
the chi-square test statistic is larger than aevdietermined from thehi-square distribution with (r — 1) — 1)
degrees of freedom. An easy way to check that the sample size ficgiitly large is to verify that alE > 5.

When we do not reject the null hypothesis in asthiare test concerning independence, no further
analysis is called for, since we are concluding the two qualitative variables are independentiewwe
reject the null hypothesis in a chi-square testeamng independence, we need to describe théoredhip
between the two qualitative variables; a stackedbart can be helpful in describing the relatiopsh
Concluding that the two qualitative variables avéindependent is the same thing as concludingtiieaé is an
association or dependency between the two variabl#st the distribution of distribution of categs for one
gualitative variable is the same for each categbihe other qualitative variable.
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